SAPIENZA

UNTVERSITA DI ROMA

Corso di Laurea Specialistica in Fisica

Higgs decay into two photons:

a recent discussion

Tesi di Laurea Specialistica in Fisica

Candidato: Relatore:
Alessandro Pilloni Chiar.mo Prof.
matricola 696196 Antonio Davide Polosa

Sessione Estiva

Anno Accademico 2011-2012
Dipartimento di Fisica


http://www.uniroma1.it
mailto:alessandro.pilloni@roma1.infn.it
http://www.phys.uniroma1.it




— Your thesis that the Higgs boson is a black hole accelerating backwards through
time s fascinating.
— Thank you. It just— it came to me one morning in the shower.

— That’s nice. Too bad it’s wrong.

Stephen Hawking and Sheldon Cooper






Abstract

We reanalyze the recent computation of the amplitude of the Higgs boson decay
into two photons presented by Gastmans et al. [1,2]. The reasons for which
this result cannot be the correct one have been discussed in some recent papers.
We address here the general issue of the indeterminacy of integrals with four-
dimensional gauge-breaking regulators and to which extent it might eventually be
solved by imposing physical constraints. Imposing gauge invariance as the last
step upon R¢-gauge calculations with four-dimensional gauge-breaking regulators,
to recover the well known H — ~7 result is indeed allowed. However we show that
in the particular case of the unitary gauge, the indeterminacy cannot be tackled
in this same way. The combination of unitary gauge with a cutoff regularization

scheme turns out to be non-predictive.
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Chapter 1

Introduction

Last summer some attention has been brought back to the W-loop contribution
in the calculation of the H — ~v amplitude because of a result presented by
Gastmans et al. [Il[2] turning out to be at odds with the renowned one of Refs. [3.4].
It goes without saying that, if correct, the result in Refs. [1L[2] would have had
important consequences for high energy physics. Firstly, the decay width of the
Higgs boson to two photons would have been halved with respect to the old result;
therefore, the search for the Higgs in this channel would have needed much more
data (and time, and money) than expected, and thousands of rows of code should
have been rewritten to take into account the new result. And all this would have
happened to one of the most promising channels for the search of a low-mass
Higgs at LHC. Moreover, Gastmans et al. held dimensional regularization used
in [3] responsible for the failure of the renowned result; and so, the most used
regularization technique for non-anomalous theories would have been challenged,
and some general questions about the significance of regularization in general

would have been answered.

For the peace of everybody, the new result is wrong: the decoupling theorem [5]
used to refute the old one has been misapplied, whereas Gastmans et al.’s result
does not fulfill the Goldstone bosons Equivalence theorem. Indeed, in the months
after the publication of Gastmans et al.’s article, the scientific community reacted
(and sometimes over-reacted): a few papers [6HI3] appeared on the arXiv critizing
the new result, and presenting new calculations leading to the renowned one.
This thesis was started just in the middle of this “race” to see who confuted

Gastmans et al. first. However, once shown that Gastmans et al. are wrong, it is
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still interesting to understand where the weak spot in the calculation procedure
followed by Gastmans et al. is. Moreover, Shao et al. [9] confirmed that in unitarity
gauge, the use of a cutoff regularization leads in any case to Gastmans et al.’s

result.

In this thesis we try to understand the significance of regularization of ill-defined
integrals, and how different regulators can lead to different results, introducing
an indeterminacy in the calculations. In Chapter Bl we introduce the Higgs mech-
anism, focusing on the definition of the unitary gauge. In Chapter B we briefly
review Gastmans et al.’s paper, showing the crucial spot where the problem arises.
In Chapter @l we introduce the Goldstone bosons Equivalence theorem and the
decoupling theorem, and show why Gastmans et al.’s result does not fulfill the
former, and misapplies the latter. In Chapter B we introduce cutoff regularization,
and show that it leads to different results in different gauges. In Chapter [@ we
explain how the use of regularizations which do not mantain the full symmetry of
the theory can lead to indeterminate results, and that the indeterminacy cannot
be resolved a posteriori in unitary gauge, so that the result by Gastmans et al. is

to be intended up to constants. Our conclusions are drawn in Chapter [1



Chapter 2
The Higgs mechanism

As a first step, we briefly describe the history of the Higgs mechanism, and the
major features of spontaneously broken gauge theories. In the Fifties, the Fermi
theory of current-current interactions received some improvements by the works
of Feynman and Gell-Mann, leading to the renowned V — A interaction. However,
it was clear that such a theory could not be the final one, because of the violation
of unitarity above 300 GeV. In 1961, Glashow [14] proposed a Yang-Mills gauge
theory SU(2),®U(1)y to unify both weak and electromagnetic lepton interactions;

for a massless chiral lagrangian, we have

1 1 - . ey
L=~ B" By — 5t WWo + 00ilPr + UrilDvs (2.1)

B is the hypercharge abelian gauge field; W is the gauge field of the local group
SU(2) of the isospin symmetry, which couples only to left-handed fields:

B, =0,B, — 0,B, (2.2a)

W = 0,W, — 0,W, —ig [W,, W,] (2.2b)

W, =Wisrt (2.2¢)

[17 478 = je*elre (2.2d)
: Y

Dyr = 0utbp — igWybr, — ZQITLBM/JL (2.2¢)

Y
Dybr = 0,0r — ig' < Butn (226)
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where Y r is the hypercharge of the Dirac left-handed (resp. right-handed)
spinors. In this way, the left-handed spinor belongs to the fundamental repre-
sentation of SU(2),, whereas the right-handed one has no action under SU(2);
we can therefore arrange our lepton fields in a left-handed doublet and a right-

handed singlet:

Yy = , Yr = (eR)y—__, (2.3)

Y=-1

the hypercharge being assigned by the Gell-Mann—Nishima formula: @) = % (T3 4+Y).

Actually, this mass lagrangian is gauge invariant, whereas if we add the masses
explicitely it is no longer so. Glashow tried the same to break explicitely gauge

symmetry, adding

1

Lonass = 3 (M WeW ™ + m3 B, B + 2my W) B*] + my) (2.4)

We can separate the charged W= bosons from the neutral W? and B bosons by

substituting:
Wl w2
V2
174 1 174 v
Lgauge - WJVWM + m%/VWJWM - Z [Wingu + BMVBM ]
1
+ = [myy W)W + my, B, B* + 2my W, B (2.5b)

2

Eventually, we can define a mixing angle 0y between W3 and B and impose to

an eigenstate to be massless, in order to recover the photon A:

Zy :Wi cos by — B, sin Oy (2.6a)
A, =W sin by + By, cos Oy (2.6b)

1
Loonge = — Wgyww + m%VW,jW“ -3 w2

1 1 ,
+ §mQZZMZ“ - ZFWF“ (2.6¢)
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where the 7% are the Pauli matrices, myz = my /cosfy and F),, is the ordinary

electromagnetic strength tensor. For the interactions, we have

Ling =g %W*uJi + W™ pJ" + mZﬂng + eA, b (2.7a)
U =iyter,  J = (I = ety (2.7b)
Jey = — e (2.7¢)
Jh =yt + (—1 + 25sin? HW) ery'er, + 2sin® Oy eryer (2.7d)

where the coupling ¢’ can be removed by imposing the correct electromagnetic
coupling: ¢gsinfy = ¢’ cos By = e; the same happens for the p and 7 families. It
is important to notice that, in the low-energy limit, the effective coupling for both

charged and neutral currents is just the same:

Ge_ 9 _ ¢
V2 o 8mZ,  8cos?Oym?

(2.8)

At the time, Glashow theory had many unpleasant aspects. Phenomenologically,
it predicted the existence of neutral currents, which would experimentally be dis-
covered only in 1973; then, it was not clear how to extend the model to hadrons.
Finally, from a theoretical point of view, the introduction of explicit (and large)

mass terms spoils gauge invariance and make the whole theory non-renormalizable.

2.1 Higgs mechanism

In 1967, Weinberg and Salam [I5,[16] solved this issue, introducing a doublet
of scalar fields which allowed gauge bosons to receive a mass, without breaking
gauge invariance. They added a scalar field whose auto-interactions induce a
spontaneous symmetry breaking of the gauge group, thus providing effective mass

terms to the gauge bosons, with a mechanism discovered by Higgs; Englert and

Brout; Guralnik, Hagen and Kibble [I7HI19].
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Thus, we add to the massless lagrangian ([2.I]) a scalar term in the fundamental

representation of the gauge group:

Lscalar = (DMQZS)T DMQZS -V (gb)
= (audﬁ +igpt W, + ig’%(bTBu) (a% —igWhe — ig’gB"(b) —V (9)
(2.9)

V' (¢) must be a potential with non-trivial minima, for example the mexican hat
V(¢) = —p2opTop+ A (¢T¢)2. Now, we choose a non-vanishing vacuum expectation

value for the ¢ doublet and shift with respect to this value, namely

1 —i(¢ +ie?) _ 1[0
¢_\/§<v+h+z¢3 )Yzl’ ) ﬂ(v)yzl (2.10)

The ¢!, $? and ¢ are the Goldstone bosons generated by the spontaneous breaking
of the symmetry; h is the massive Higgs boson. The VEV is modified by the action
of the gauge group, but is unchanged under the action of Q) = % (3 +Y). If we
insert the (2.I0) into (Z9)), and use the basis of the mass eigenstates:

. . Ti Tj 1 1
‘Cscalar :ap(bTa“(b + QQW;W]u¢T§§¢ + g/2BHB“(bT§§¢

‘ i1 ‘ @ 1
+ QQg’BMW’“ng%?gb . 2@'ng8“¢*%¢ - 2ig'B“8M¢>T§¢>
LYo LA P

i 7’ / 1
+29gW uﬁu‘ﬁ;@» + 29 Buau‘b]é((b) +...

1
=my WIW™ 4 om3 2,2
mw - - mz
+ 5 ( W, oo™ +gWJ6“¢ )+ TZM8M¢3+"'
where ¢F = (¢ £i¢?) /V2, my = %gv, my = %v\/g2 + ¢’?; we recover the Oy,
of (28] by imposing sinfy = ¢'/v/g>+ ¢”>. In the dots we have hidden the

gauge-Goldstone and the gauge-Higgs interaction terms.

Thus, a spontaneous symmetry breaking can provide effective mass terms to the
gauge bosons; moreover, compared to the Glashow model, we have a direct cou-
pling between gauge bosons and Goldstone bosons (last row in (ZIT])) which allow

gauge invariance to be mantained. For example, we can calculate the dressed



Chapter 2. The Higgs mechanism 7

propagator of the Z boson in the Landau gauge, by inserting the mass term and

a propagation of the massless ¢® Goldstone boson:

»\/\/\/@/\/\/\ = ~ e - Aae—ens = imQZg“" —+ (mzk“) % (—mzk”)

kr kY
= imy <g‘“’ ~ Tz ) = imy Ph"

Pris a projector onto non-longitudinal polarization states; indeed Pr,,Pp” = Pr),.

dressed _ n C . m L

—i =i
el e

2\ " ; v
— my —1 L, KrE
= getr Z<k2) TR —m (g“ e )

n

. —i s
P;‘%mQZPTaﬁﬁpﬁ +...

Thus, in some way the Goldstone boson has been “eaten” by the Z, and a good
transverse result is recovered; this is a sign that the Goldstone bosons are unphys-
ical particles, whose action can be absorbed in massive gauge bosons. Actually,
we will see how the Goldstone bosons can be removed from the theory. Besides,
we have not yet understood how the symmetry breaking modifies the procedure

of gauge fixing.

2.2 R¢ gauges

We would like to choose a gauge so that the unpleasant direct coupling between
Goldstone and gauge bosons can be absorbed. We start from the lagrangian of
a general non-abelian gauge theory, coupled to a n-plet of real scalar fields in a

representation of the gauge group.

L= (Fo) + (D) ~V (9) (2.122)

Dugi = 0,0i + gAL T 0(0) = do (2.12b)

The T* are in a skew-hermitian representation of the algebra. If the group is not
simple (like for SU(2) ® U(1)), the gs need not be the same for every 7. The
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¢o contains the information about the pattern of symmetry breaking: the field
fluctuations along the directions of the vectors I} = Tf¢g; correspond to the
Goldstone bosons; the orthogonal fluctuations correspond to the massive Higgs

bosons. If we shift ¢ = ¢g+ ¢, we find, for the quadratic terms in the lagrangian,

1 1
L=— Ay (=g +0"0") AL+ 5 (8,0)°

/ 1 2 b b 1 > <2.13)
+ GO ALEL + SgPFFLALAY — S Mol
where M;; = %;%V ((b)‘ . Some remarks: the direct coupling between A and
’ )

¢ does not involve the massive Higgs boson (if h is the direction of the Higgs
field, Fy'¢) = 0); the matrix M;; is zero in the subspace of the Goldstone bosons
(for the Goldstone theorem), whereas it provides a mass term to the Higgs boson.
We consider now the functional integral and use the Faddeev-Popov gauge-fixing

procedure:
7= / DADY exp [z / L(A, ¢’)}

:C/DAng’ exp [i/E(A, @) — %Gﬂ Det <f$_§)

where G is the gauge-fixing functional, « is the parameter of an infinitesimal gauge

(2.14)

transformation, and C'is a constant which contains the infinite volume of the group
and can be omitted. We choose an ad hoc gauge-fixing functional to cancel the
direct coupling A¢:

1

G = — (9" A" — EgFTe! (2.15)

2 (00 — ot
This choice for the gauge fixing for a spontaneously broken gauge theory is called
R¢ gauges (or renormalizable gauges). In particular, the gauge with £ = 1 is the

‘t Hooft-Feynman gauge.

The quadratic part of the gauge-fixed lagrangian becomes:

L=— %AZ K—g‘%’? + (1 — %) aﬂay) 5 — gQE“Eb] A,

1

' ' (2.16)
+ 5 (0u8)” = 5 M0l — SEG°FIF 0l
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we can identify the mass terms:

GFE = (m%)" (2.17a)
P FPFr =€ (m2),, (2.17)

We see that the Goldstone bosons have acquired a gauge-dependent mass; this
is again a sign of their unphysical nature. We still have to construct the ghost

lagrangian. The infinitesimal gauge transformation act on the fields so that:

0y = —a (x) T};; (2.18a)
a 1 a
045 = Dpa’ () (2.18h)
hence
0G 1 (1., . . ,
Sab VE (;aﬂDub +EgFYT; (doj + <Z5j)) (2.19a)
oG, . . —_
Det 5 =i (~0" D} — €g* ' F — S F' T 05) o’ (2.19b)

The ghosts have acquired the same mass term as the gauge bosons, times £. More-
over, with respect to the gauge-ghost vertex of the unbroken theory, we have added

a coupling term between the ghosts and the scalar fields.

Finally, we can apply all this mechanism to the GWS theory. We can arrange the
four scalar fields as in ([ZI0). The skew-hermitian T%s are

il ifa=1,23
T = 2 (2.20)
- 25 if @ = 4 (hypercharge)

and

gF® — (2.21)
g

/

-9

o O O
o O @ O

The index ¢+ = 4 would correspond to the Higgs field, and we would have gF} = 0;

so the index 7 can be considered to run only on 1,2, 3.
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Thus, the gauge boson mass matrix is

g 0 0 0
. 2o ¢ 0o 0
(m3)" =g?FF =" 7 (2.22)
Lo 0o ¢ —gg
O 0 _ggl g/2

which can be diagonalized with the transformations in (2.0)), provided that

9
g2 + g/2

9

cos Oy = , sin Oy = (2.23)

The eigenvalues are m, = 1g%v?, m% = 1 (¢> + ¢”*) v*, and m?% = 0.

Hence, in the basis of mass eigenstates, the gauge bosons decorrelate (meaning

that there is no mixed 2-vertex), and the propagators are

YN S (T B S i (2.24)
¢ — m? ¢ — Em2 :
where m = my, myz, 0 for the W and Z bosons, and for the photon. It is important
to notice that the propagator is O (¢~2) for whatever finite value of £, hence the
diagrams in R gauge have a good ultraviolet behaviour, which allowed ‘t Hooft

to prove the renormalizability of spontaneously broken gauge theories [20,21].

In the matter of Goldstone bosons, the mass matrix is

2
g° 0 0
2
a a v
§ (m;)ij =9I F = fz 0 ¢° 0 (2.25)

and the propagators are

l

A=t
q2 _ §m2

(2.26)

with m = my for ¢*, and m = my for ¢*>. On the contrary, the physical Higgs
field propagates independently with a mass determined only by the potential V' (x)
(and no £ dependence).
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Finally, the ghost propagators are

B )
_qz _ §m2

A (2.27)

where m = my, my, 0 for n*, n?, and n? EI

2.3 Unitary gauge

It is now clear that the Goldstone bosons are unphysical particles: their mass
depends on a ficticious parameter like €. Then, if we take the limit £ — oo, we ex-
pect the Goldstone bosons and the Faddeev-Popov ghosts to take an infinite mass,
and so to decouple from the theory. Actually, this is true, and the correspondent

gauge is called unitary gauge.

We can simply choose a gauge-fixing functional to impose on the theory the van-
ishing of the Goldstone bosons:

o fora=1,2,3

G ={ 1 (2.28)
—=0"A,, fora=4
VE

(the fourth condition being the usual Lorentz gauge fixing for the massless photon).

For the quadratic part of the lagrangian in the basis of mass eigenstates, we can
suppress all the Goldstone bosons contributions, leaving only the physical Higgs
field:

L =— %Zu (—g“”62 + O — m2ZgW) Z, — w (—g“”@z Ot — m%/Vg“”) w,

o
1 . 1 5 1 s 1
— §AM (_g,u 82 -+ <]_ — g) oHo ) Ay + 5 (auh) - §mhh2
(2.29)
where my, = %gv, my = %U\/QQ + g2, and my, = aa—:zv(¢) .
0

LOne could expect that 77 would decouple from the theory as in an abelian unbroken theory.
However, the presence of the coupling between the scalar fields and the ghost in the gauge-fixing
functional does not allow the abelian ghost to decouple; even more so in a non-abelian theory
with an abelian subgroup like SU(2) ® U(1).
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The propagators of mass eigenstates are indeed

1 rqv
AW =——— (g’“’ — ﬁ) for the massive bosons
-m
1 (2.30)
IAF =

e —(1-¢) e for the photon
¢ — m2 9 e p
where m = myy, mz. The photon propagator has the usual form of the unbroken
theory, whereas the other propagators have the correct form for a spin-1 massive

particle; in the rest frame indeed, the numerator becomes

00 0 0

qtq” 0 -1 0 0
w42 — 2.31
@ "ﬁlw 0 0 -1 (231)

00 0 -1

which is the correct form for the sum over the 3 physical polarizations (e, e_ and
€r). Besides, we would obtain the same propagator by taking the limit & — oo
of ([2:24)), as predicted at the beginning of this section.

In the matter of ghosts, the infinitesimal gauge transformation can be expressed

in the basis of mass eigenstates [22]:

g% = aig (v+h)+0 () (2.32a)
548 = a?’m (v+h)+0(8) (2.32b)
5(04A,) = —Pa” + 0 () + O (W¥) (2.320)

We isolated the terms O(¢) because, after the functional derivative, they are forced
to zero by d (G®*). Moreover, the ghost of the photon field 7" is still coupled to
the W* bosons, but only with a vertex with an outgoing 17 and an ingoing n7;
so it cannot run inside a loop, and it can be integrated out. Thus, the functional

determinant can be expressed as

10 0
0G(x) . g 4
Det 507 (y) = Det 5 (v+h)l0 1 0 0 (x —vy) (2.33)
0 0 1/cosby

The functional determinant does not contain any derivative, so the resulting ghost
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fields do not propagate, but lead only to local contributions. However, the deter-

minant can be computed directly without adding any ghost field:

10 0
Det (;Gbéx; = exp |64(0) /dx det In g (v+h)10 1 0
a’\y
0 0 1/cosbw (2.34)

h
= exp {264(0) /dx(—?)i) In (1 + —) + Const]
v
That adds an effective term to the lagrangian:

Qm:—am%mm<1+%) (2.35)

This term could seem quite obscure; however, it can be obtained in the limit

¢ — o00; we write the contribution of a loop of ghosts with N external Higgs
lines (Figure 2.1):

N |
o\ 227" LU e,

() o ()

If we sum the contributions of the ghosts which can run in the loop (n™, =, n%),

(2.36)

and after some combinatorial considerations H, we get to the term (2.35))

2We can connect the Higgs lines to the ghost loop in (N — 1)! ways; the loop can be replaced
by an effective vertex which instead can be connected to Higgs lines in N! ways. So we must
add a factor (N — 1)!/N!=1/N to (Z30); if we sum over N, we get to ([235]).

b
H Q H H H
cemmmeed p I —>  ---------------- @----------------
+ .z 7
777 ) 77“4
A

FIGURE 2.1: The extra-term (235]) which arises from ghost loops in unitary
gauge
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Thus, in unitary gauge we can remove all the unphysical degrees of freedom, and
we can deal only with the photon, the massive gauge bosons (with the 3 physical
polarization states) and the Higgs boson. However, the loops with only Higgs
bosons on the external legs need the adding of the divergent term (Z3H). We do

not need this term in the calculation of H — ~~.

We end this section with a consideration about power counting: unlike the R
gauges, the propagators of the gauge bosons are O(q°) instead of O(g~2). There-
fore, in unitary gauge loop integrals have higher divergent terms than R, gauges;
however, gauge invariance should grant a cancellation of the extra-divergent terms.

We will provide some explicit examples in the following chapters.

2.4 H — vy

Before tackling the calculations by Gastmans et al., we mean to show the final

expressions of the amplitude:

o2
M = _4 29 (K1 - ko) g — Kok el (FW + E Nc echf> (2.37)
(4m)" mw 7

where e; is the charge carried by the fermions which run in the loop, N¢ is the

70F
. I
—— W+t (old matrix) !
60f  -------- W (old matrix) !
——— W+t (Gastmans) /
’
50f  -------- W (Gastmans)
S
© 40}
3
1 30}
=
20+
10-
O, : ) ) ) -
80 100 120 140 160

my (GeV)

FIGURE 2.2: Plot of I' (H — 77) as a function of my. The Gastmans et al.’s
amplitude halves the contribution of the W loop.



Chapter 2. The Higgs mechanism 15

number of colors (3 for the quarks, 1 for the leptons), and Fy, Fy are

(Fw)yq =2+ 37‘W + 37’W ( — 7'1;,1) f(w) (2.38a)
(Fw) o = 370" + 3705 (2 — ") f (7w) (2.38b)
Fr= —27]71 [1 + (1 — T]?l) f (Tf)} (2.38¢)
where 7; = -t 22, 1= f,W and
arcsin®(y/7;) for 7, <1

—— — T for 7, >1

4 1—\/1—7

As required, the matrix elements acquire an imaginary part via the f (7;) when
7; > 1, i.e. when mpy is above the production threshold for two fermions/W. For

the partial width, we obtain

Ga’m?3,

sl k (2.40)

L(H =)=
with F' = FW + Zf Nceich.

1.000

0.500r-

0.100¢

0.050-

BR(H-X)

0.010r

0.005-

.001 : :
0.00 300 500

FIGURE 2.3: The branching ratios for the SM Higgs boson as a function of my;.
Although the H — ~v channel has a BR ~ 1073, the signal has a background
smaller than other channels.
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The radiative corrections to this partial width only affect the top quark loop and
neither the W loop nor the final state photons. The QCD corrections are below
3% [23] and thus can be neglected. In Figure we plot the partial widths as a
function of my, both via the W loop alone and together with the top loop (which
gives by far the biggest contribution among the fermions). Besides, for Fy, we use
both the old expression (2:38a) and the new one (2.38D)).

Among the Higgs decay channels, the H — v can be considered quite rare, with
a branching ratio of ~ 107 (Figure 2.3]). Nonetheless, it is reckoned the most
promising channel for the search of a Higgs boson below 150 GeV. Indeed, the
diphoton mass resolution is very good, between 1 and 2%; the signature in this
channel is two high Er isolated photons (with two additional high pr jets if the
Higgs has been produced via Vector Boson Fusion); the background is dominated
by the irreducible two photon QCD production, with also a relevant contribution
from events in which at least one of the two identified photons is a jet faking a
photon. In Figure 24 we show a plot by CMS [24] to give an idea of the ratio
between the Higgs signal and the QCD background.

> :I\I\\\I\ll\l\‘\\l\ll\l\I\\\‘I\II|\\\|\||7
8 1600 CMS preliminary * Data
B = = -1 [ 2prompty
B 1400 5 Ns=7TeVL=48fb [ 1 prompty 1 fake y
-E' [ 2fakey
o 1200 , [ prell-Yan
> I H-vy (120 GeV) x5
L 1000 72777] MC k-factor uncertainty
800

600
400
200

% 100 110 120 130 140 150 160 170 180
m,, (GeV)

FIGURE 2.4: Di-photon mass spectrum from CMS preliminars. Data are shown
together with the background MC prediction. The expected Higgs signal at 120
GeV is also shown superimposed and scaled by a factor 5.
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The new result by Gastmans et al. suppresses the W loop, so that the partial
width into photons is halved:

F(H N 77)Gastmans ~ 0.48 x F(H — 77)01(1 (241)

Hence, if the new result were correct, the signal would be even twice smaller,

challenging the experimental search.






Chapter 3

The body evidence

We now sum up the main points of Gastmans et al.’s calculation. First of all, they
cast some doubts on the reliability of the old results of Refs. [3,[4]:

e The calculations were performed in the limit my << my,, while nowadays

we expect my ~ 1.5 my.

e The use of the ‘t Hooft-Feynman gauge introduces a lot of unphysical parti-

cles (would-be Goldstones and ghosts).

e Dimensional regularization was used in Ref. [3]

Since the photon is massless, there is no direct coupling of the Higgs boson to the
photon in the lagrangian of the Standard Model, and therefore the renormalizabil-
ity of the standard model implies that the one-loop amplitude must be finite (there
would be no counterterm H-~7y to absorb one-loop divergences). For this reason,
Gastmans et al. decided to repeat the calculations without using any regulator.
Moreover, they let mpy arbitrary and choose unitary gauge to avoid any possible

ambiguity with the use of unphysical particles.

In the unitary gauge we have only three Feynman diagrams we report in Figure[3.1l
The integrals we expect will badly diverge by naive power counting (see Sec.
2.3); hence, we must be particularly careful to choose the loop momentum in all
diagrams, in order to avoid shifting it and obtaining undesired surface terms. This

has been discussed by Gastmans et al. in Ref. [I], on the basis of some examples

19
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in QED [25], and A¢* [26]. In the following, k; and ky are the on-shell momenta

of the outgoing photons, ¢; and €, their polarization vectors. We have

k2 =ki=0 (3.1a)
ky ko = L (k1 + ko)? = Im¥ (3.1b)
k?l c€1 = k’g €9 = 0 (31C)

The derivation of the matrix elements is now straightforward:

iM = (MY +iME” +iMEY) €160, (3.2)
with:
iMP = / k+ 1k1+ 1k2) (k+%k1+%k2)6/m%v
zw (k+ Lk + Lho)? — M2 + e
( k1—|— 1/{72) (k—%k1+%k2)a/m%v
(k — l/ﬁ —|— 1/{72) — ma, + i€
SPARYUES T 3 (8 S TR
( 2)2 — mW + 1€
[(/{7 + 3]€1 + kz) 9pu + ( kl + §k2)5 Gup + (—2k — kz)u gpﬁ]
x [(k = Sh1 = 3k2), 9o (5 = Fha o+ $92)_ g + (~ 26+ F1), g0 |
(3.3)
’lMéW = ZM!IW <,u U, kl — ]{ZQ) (34)
g _Came [ (8 304, Gt 3 b
P (en)? (k+ Ly + Lho)® — M2 4 e

g7 = (k= S = )" (k= 3~ ) iy 35)

X 1 1 2 .
(k — 5]{?1 — §]€2) —m%,[, + 1€

X [2 Guv 98y — GuB vy — Guvy gVﬁ]
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k1
_I{ ______ M
k1+k2 v
ko
k=35 (k1+k2) Y
Ms

FIGURE 3.1: The one-loop diagrams with virtual W's in the unitary gauge that
contribute to the amplitude for H — ~~.

3.1 The evaluation

We introduce some notations to simplify the calculations of the matrix elements.

We call p1, ps and p3 the momenta of the W in My, so that

p=k+3ki+k), pp=k+3(—ki+ky), ps=k—3(ki+ko)

(3.6)
Dlzpf—m%VjLie, D2:p§—m%[,+ie, Dgng—m%,jLie
Then we call V4, the vertex WW~:
Vagy (0:¢,7) = (@ = 7)o 95y + (r = D)g Gra + (P — @), Gas (3.7)

with p + ¢+ r = 0. If we put the momentum of one outgoing photon on the

mass-shell, and consider k;, to vanish when contracted with €;,, we obtain:

P Vs (p1, =K1, D2) = D59y — Pouboy (3.8)

and
PoD Vayry (P1, —k1,p2) = 0 (3.9)

Now, the numerators of the matrix elements contain inverse powers of my,, which

derive from the propagators of the W in the unitary gauge; we can expand the
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products and order by my,. Each factor of m;VQ comes with a product of two loop
momenta, so that a term with my;* will have a superficial degree of divergence of
n. Moreover, since by naive power counting in R¢ gauges all the diagrams diverge
logarithmically, we expect the divergences more than logarithmic to vanish also
in unitary gauge. In the following, we will omit the constant factor e2g my /(2m)"

and the polarization vectors.

Let us start from the highest divergent term m;VG, which appears in M; and My:

iM® — R /d4/<; P?vaﬁup (p1, =K1, —p2) PoPS Vorr (2, —ka, —P3) P3P3a —0
' : D1D;Ds
(3.10)

for the (B9]). Similarly for Méﬁ).

The m;v4 terms can be obtained with the product of two longitudinal parts of the
propagators; if we choose both longitudinal parts of the propagators linked to a

WW~ vertex, the integral will vanish for (8.9]). So, we have only

/d4 plplvﬁup (Ph —k1, pz)g VO’I/’Y (p27 —ks, p3)p3P3a
DDy D3

_ /d4]€ pl (pZ.gup p2up2p) g Vau’y (p27 _k27 _p3) pgp?)a
My DDy D3
:% /d4]€ (pl ' p3)pgv;w7 (p27 _k27 _p3)pg (311)
My DDy D3
1 /d4]€ ( p3) V,LU/’Y <p27 _k27 _p3)pg
miy Dy Dy
4+ 1 /d4]€ (pl p3) V,LU/’Y <p27_k27_p3)pg
o DDy D3

We will analyze the latter integral later with the other mW terms. In terms of

external momenta, we have

1 /d4]€ ( p3) V,LU/’Y <p27 _k27 _p3)pg

mW Dy D3
- 1 /d4k (p1 - p3) (p%gw, — p2upzy)

iy DiDs (3.12)
:i /d4/{: (kz — %kl ) kQ)

mév Dy D3

X (K= 3y = e by K B) g — (o Sh2), (k= 3), )
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Therefore we add the my; terms of the crossed diagram Mo:

By - o)
D1D3 (3.13)
X ((2k2 — k?l . k’g) G — Qkfuk’y -+ %kﬁlykgu)

(ZM1+ZM :—/d4

The M3 diagram is still to be to considered: taking the longitudinal part of both

propagators, we get

2./\/1 ——/d4 kQ)

D1D3 (3.14)
X (— ( k’ — k?l . k?g) Guv -+ Qkfuk’y — %kﬁlyk’gu)

so that the sum of all mW terms vanishes identically.

The analysis of the my;? is rather trickier. In M, we start by choosing the

longitudinal part of the third propagator:

ngQ)’?’ _ 1 /d4k P3P3V6up (pla —ki, —PQ) pr (PQ, —ks, —ps)
miy, DDy D5
__ / iy, P8 Vg (01, =K1, —p2) (V39005 — p2v)
miy, DDy D5
— L / Ak pgvﬁuv <p17 —ky, —pz)
miy Dr1Ds (3.15)
4 1 /d4k; D3 Vﬁup (pla —ky, —p2)P2p2y
miy, DDy D5
_ /d4]€ pgvﬁﬂl’ (ph _kh _p2>
D1 DyD3

=A3 + B} + C}

We work on the first integral. We explicit the external momenta:

A3 — _ 1 /d4/<; P3VBW (p1, —k1, —p2)
Lom Dy Dy
1 pﬁ
= [ A [ (k= 3t ), g (3.16)

+(=2k — ko), gup + (K + k1 + %l@)ygﬁu}
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This can be combined with the analgous term of My obtained with the substitution

M(-)V,k1<—>k22

1 5 Vi (p1, —ka, —po)
Alz— d4]€ 3V Bvu ) )
2 m%V/ D Ds
1 vy 3.17)
S P [k L —3) g, (3.
mgv/ Dy L 3h1 = 3R2) 5 9

o+ (=2k = k), g + (k =+ k1 + 3k2),, 9]

A§+A§:__/d4 DD3 2k; ki — k2) g G

+ (—k + llﬁ + —k’2) gus + (—k + llﬁ + le) gﬁy] (3.18)

_ 1 /d4/{7 p3p3 <2gaﬁgl/u JowGup — gauQﬁu)

Com2, D, Ds

myy

Similarly, we can choose in M the longitudinal part of the first propagator, com-

bine it with the correspondent term in Mo, and get

1 B
A§+A}:—m—2/d4kﬁ[(2k+kl+k2)ﬁgw
w

+ (k= 3kt = 3ks) gus + (=k — Ly — 1ky) gﬁy] (3.19)

1 / i PEDS (29089un — Jawlus — Gondsw)
mi, DDy

We recover a term proportional to the 4-vertex WW~~, and indeed

AL A+ A+ A +iMP =0 (3.20)

At the order m;VQ for M, we still have to choose the transverse polarization of the

propagator which links the photons, the B terms (3.I3]) for the other two choices,
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and finally the term in (B.I1]); specularly for Ms. We have:

[ 5 ) Viar (52, —h, —p)
mW D1D2D3 *P3 uvy D2, 2, —P3) P3

- pgpgvﬁup (Ph —kx, —pz) ngaw (p2, —ka, —p3)

+ D3 Viup (D1, =K1, —p2) D3P + DY Vi, (D2, —ka, —3) pSph ]

o | T | ) G+ )

+ PIP3Guw + PiP3upas + D3P1uD1e — (D1 P3) Prubau

+ piphpav — (p1 - P3) PruPaw + Pap Dot — (p1 - p3) pzﬂpw]

/ ak A (ky - ko) koky, + 2k, k
mW D1D2D3 1 2) hvphy 2uvly

—2 (k“/{?h, + /{72“/{7,/) (k . (kl + kg)) + [my [—2/{72<l€1 . kg) + (/{7 . (/{71 + /{Zg))2]

+ (K* — 3k1 - ko) [—gu (k- (k1 — ko)) + 2 (kuk — k2ukl’>]]

(3.21)
We can rewrite k? — %k:l - ks so that:
kQ—%kleZkQ—%klk‘g—k?(kfl—kg)—m%{/ﬁ»k}(kfl—kg)ﬁ»m%{/ (322)
:pg—mf/v+k~(k1—k2)+m%v:D2+k~(k1—k2)+m€V .
he (B.2I)) becomes:
(2
iMP - / NANIE 4 (ky - ko) kuky + 262k, — Akyky, (k- ky)
— 4k32ul€y (k’ . k’l) + gwj [—2k2(k?1 . k’g) + 4(]{3 . k?l)(k? . k?g)}
(3.23)
1 d*k
b | B (k- (k) 2 (ks — houk)
d*k
| 5 (_guu (k ) (kl - k2)) +2 (kuklv - /{?2“/{;,,))

D1Dy D5
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The third integral is O (m,), and we will analyze it later (we call it E). The
second integral is odd in k (D; <» D3 for k — —k), so it vanishes. Thus we have
shown that all the integrals with more-than-logarithmic divergences identically
vanished, as we expected by gauge invariance. It is interesting now to evaluate
the first integral (we call it F'). It being only logarithmically divergent, we can
shift the integration variable without adding any additional surface termEI. We can

combine the denominators with Feynman parametrization:

(1 —xy — g —
/ d'k / dz; / das / das nowa ) | (3.24)
mW D15L’1 + D2.§L’3 + D3.T2)

and, since 1 + z9 + x5 = 1,

leL‘l + DQIL‘g + Dgl‘g = (kf — %k’l (1 — 2[L‘1) + %k’g (1 — 2l‘2))2

We can shift the integral to [ = k — $k1 (1 — 221) + 1ko (1 — 225). Integrating out

3.

1
/d4 /dl‘ldl‘g 3
simplex - m12/V + 2179 (kz'l : /{32))
X |:4lalﬁ (guagl/ﬁ (kl : k?) - g,uakll/k26 - guﬁklakmt + g;wklak26) <326)

+ 20 (k1 ko — Gy (K1 - k2))}

1 1
where / dxidxy is a shortcut for / dxy /
simplex 0 0

The crucial point now is the choice to integrate symmetrically. Since we stick to

four-dimensional calculations, we have l,lz — ilzgag . If we are able to, the

! Actually, if we consider the translation of an mtegral A(a f A"z [f (x4 a)— f ()],
and expand in powers of a, we get A(a) = f d"x [aua [+ Qaual,a“a f+...] =
ay fSX do* [f + %al,a”f +... ] If the integral is logarithmically divergent, we have f(A) =~

O (1/A™), and 9°f (A) =~ O (1/A"*%). Since the superficial integral provides a factor of A"~1,
the translation is O (1/A) — 0. On the other hand, a linear divergent integral has a finite surface
term. This is, for example, a way to show the arising of axial anomaly [27]

2If we take indeed all the external momenta out of the integral, we have a tensor expression
I3 which can depend only on constant tensors. Since the only two-index constant tensors is
9as, it must be I,g = Ig.g. By saturating both sides with g°P, we have Ialggo‘ﬂ — nl (where n
is the dimension of the space), and inside the integral [2g,s — nl? and l4lz — [, then we can
solve the equality with respect to I. We have the same result if we substitute lolz — [2gag/n.
In our actual calculations, we stick to a four-dimensional space, and so lolg — [2gaps/4.
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integral vanishes. The same happens to the correspondent integral of M.

We have the terms m, left. We must choose the non-longitudinal part of the
propagators in Mj,My, Msj; and add the C' and E integrals resp. from (B3]

(3:23). We have only
iMO = (zM +CP O El) + (ng°> +C3 4O+ E2> +imY
1

+ 24k3uk’y + 6k32ul€1y - 12kuk31y + 12k2ukV]

(3.27)

The integral is still logarithmically divergent. We combine the denominators and
shift the integral as in ([3.24]); since the denominator is now even in [, we can drop

the terms odd in [ in the numerator, and get:

1
iMO = / d*l / dxlde :
simplex - m{%{/ + 2179 (kl : k2))

X [24lﬂl1/ + 12 (1 - 21‘11’2) klyk2u (328)

+ 6miy g — 12(ky1 - ko) (1 — 2129) G — 617G,

Again, we integrate symmetrically: 1,[, — ingW, and get

1
/d4 /dl‘ldl‘g 3
simplex - m{%{/ + 2179 (kl . k:Z))

[2 (1 — 2371372) klyk2u <329)

+ m%,VgW — 2(]{31 . ]{32) (]_ — IL‘ll‘Q) Guv

The divergent terms disappear, so we can integrate without problems. We restore

the constant e2gmy /(27)%:

_M/dx dx 1
(41)? Joimplex My — 20122 (k- ko)

X 6[ —2 (1 — 2l‘1l‘2) klkaM (330)

implex

— My G + 2(k1 - k2) (1 — 2122) g
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We have obtained a non-gauge invariant result (it does not respect the Ward
identity, since M*ky, # 0). We solve this problem with Dyson subtraction [28|

29]:

e*g myy
k1=ko=0 B (477')2 Kkl . ]{?2)9“11 o lekQH]

M= M-M

12 (1 — 2xq125) (3:31)

dxyd
x /; L1 m%,v — 2[L‘1l‘2 (k’l . k?g)

implex

The integral on Feynman parameters can be evaluated (see Appendix [A]):

3 2
M=—29 (k- k) gy — bk (7 + (277 = 772) f(7) (3.32)
(4m)" my
where 7 = 4:2’; and
arcsin’(y/7) for 7<1
= — 3.33
1 L n1+ -7 7 2 for 7>1 | |
—— |In ——F——= —i7 T
rS Y
3.2 Properties of the amplitude
We quote the old result of Ref. [4]:
2
M :6279 [(F1 - ko) g — kivkay] (2 +3r71+3 (27‘71 — 7'*2) f(T)) (3.34)
(47m)" mw

The two solutions have a qualitative different behaviour in the limit 7 — oo (i.e.,
a heavy Higgs boson or a light W): while Gastmans et al.’s amplitude (B:32])
vanishes, the old result above ([B.34]) does not because of an additional term which

does not depend on 7.

The latter amplitude has to be compared with the H — ~~ decay via fermion loop

(Figure B:2):

eqg

M=——"2
(471') mw

[y k) g — Krkoy) Y J2Neep 7t (14 (1= 7) f(7)
/

(3.35)
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with 75 = %, ey is the electric charge, and NV, is the number of colors (1 for leptons
and 3 for quarks). It is easy to see that the fermion loop amplitude vanishes in the
limit 7y — oo, and this explains why light fermions contribute negligibly to the
amplitude. Moreover, in this amplitude we have neither a gauge to choose, nor
unphysical particles; the highest divergent integral vanishes because it containt
a trace of an odd number of gamma matrices, and the remaining logarithmically
divergent integrals can be evaluated either with dimensional regularization, or with
the methods above, getting to the same result (8.35)), which vanishes for 7, — oo.
This result is therefore “stable”, meaning that there is no mathematical or physical

quibble which could challenge the calculation.

Gastmans et al. argue that the W loop amplitude should have the same “de-
coupling” behaviour of the fermion loop in the limit 7 — oo. Furthermore, they
invoke the decoupling theorem [5] to say that the Higgs boson must cease inter-
action with other particles when its mass grows arbitrarily large; since the old

amplitude ([334]) does not decouple, it must be wrong.

The origin of the mistake is traced back to dimensional regularization, and in
particular to integrals as in Eqs. (8.28) and (3.29):

12 — 41,1
I, = / i e b (3.36)
(12 — M? + ie)
’\lﬁl\/\/\/\/\/\/\/\/\’)/\ ’\l;\/\/\/\/\/\/\/\/\’)/\
k3 (k1 +k2) ki k3 (k1 +k2) k2
!/ 1 !/ 1
H . fyktg(—kitke) H . fyktg(ki—k2)
k1+k2 @ ! 2 k1+k2 @ ! 2
! !
k= (k1 +h2) ks k= (k1 +h2) ks
14 i ¥

FIGURE 3.2: The one-loop diagrams with virtual fermions that contribute to
the amplitude for H — ~~.
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If we have recourse to dimensional regularization, we can substitute 1,1, — [?g,, /n,

and so

A2 = 2g,,0 —4 g2
e :/d"l S} Y i R — T (g + 1) r (2 _ E)

(12 — M? + ie)” n  20(n/2 2
n—4 . 7T2
— _Zg,uz/?

(3.37)

If we stick instead to four-dimensional calculations, we get I, = 0 by symmetric
integration; moreover, with dimensional regularization, the I, tensor looses the
property to be traceless. Hence, the tensor IB,R(n) in the limit n — 4 is different
from the four dimensional /,,,; in other words, I EVR(n) has a discountinuity in n = 4,
and so the main hypothesis behind dimensional regularization (the analicity in n)

is spoiled.
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Why decoupling?

4.1 The Equivalence theorem

Just two weeks after the publication of Gastmans et al. results, an instant-paper [6]
by the authors of the old calculations [4] appeared, rejecting the new result. Their
argument is based on the Goldstone bosons Equivalence theorem [30H32], and has
been drawn on by some other papers [7,[10].

In general, the theorem describes the behaviour of gauge bosons in a spontaneously
broken theory in the limit of vanishing mass of gauge bosons. In a popular picture,
gauge bosons “swallow” the Goldstone bosons to acquire a mass and, with it, a
longitudinal polarization. However, since the mass of a gauge boson is proportional
to gauge coupling, if we take the limit of vanishing mass we must recover the
original scalar theory without gauge fields; in other words, the gauge bosons “spit
out” the Goldstone bosons and then decouple, leaving a non-vanishing interaction

with the Goldstone bosons.
We want to show this mechanism at the tree level. Technically, the interaction
term HWW in unitary gauge is:

m2

Lyww = QTWH wiwe (4.1)

31
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It would seem that the vertex vanishes for my, — 0. If we explicit instead the

polarization vectors:

(4.2)

The “miracle” of longitudinal polarization is that it tends to be parallel to k* in
the limit my, — 0. If we separate the longitudinal term and express the vertex in
terms of a scalar field ¢, we have:
Lo = 270 1 (W) () s 0Ly sion 4
HWW = 27 & ( )ﬂ( )4‘;#(25 ¢ (4.3)
The transverse polarizations actually decouple, whereas the longitudinal polariza-

tion does not! At tree level, we can use the equations of motion to obtain the

vertex of the unbroken scalar theory:

H H
e = 2o, =21 [0 (60) — (0%1) 0 "

PH j16 = 2™ Holo = —xo Holo

_ o 2 iy
_2Ua (¢70) =2

We see indeed that the coupling Av does not depend on ¢, and so does not vanish
when my, — 0. Following Marciano et al. [7], we perform the explicit calculations
in scalar theory. The three diagrams are drawn in Figure[L.Il With the conventions

used in the previous chapter, we have

. ap €A o (p1+p2), (P2 +p3),
(2m) Dy Dy Dy
iMSB = iMEB (M s ko k2> (4.6)
2
e €A 1, 29w
= S 4.
ZMg (27T>4 /d kD1D3 ( 7)

where D; = p? because the Goldstone bosons are massless. The integrals are loga-

rithmically divergent at worst, so we can combine the denominators with Feynman



Chapter 4. Why decoupling? 33

parametrization and shift the integrals:

(4,1, — l2gu,,)
(l2 + 2[L‘1l‘2 (k’l . k’g))B
410 (% (kl : k2) Guv — kluk2,u)
(l2 + 21‘11’2 (/{?1 . 1{72>)3

2
iMEB = A dxlde/d“l x

(27T)4 simplex

(4.8)

K J v ¥

1 ”T\A/WVV\AN\/\ 1 ”T\A/WVV\AN\/\
ket (kitks) 7 k1 kg (kiths) ko
S 1 e 1
H <R bty (—kitks) H <R oty (ki—k2)
k1+4ko | k1+4ko |
RN NI
1 AU 1 S
k=5 (kitka) ko k=5 (kitkz) .1 k1
“‘\V/\/\/\/\/\/\/\N\/\ W
GB GB
Mi M5
ket L (k1 tk
+2(1+ 2)/ &
= /
¢ -
k—75 (k1+k2)
GB
M5

FIGURE 4.1: The one-loop diagrams with only Goldstone bosons, which give
the leading contribution in myy/mp to the amplitude for H — ~~.

The integral in the first line is still divergent. If we stick to Gastmans et al.’s pro-
cedure, the divergent part of the integral vanishes by a four-dimensional symmetric

integration. We can therefore integrate on I:

MEB — 62)\@2 2/ derds 21119 (% (k1 - k2) g — k:lykm)
(47T) s 21‘1.1’2 (kl . k}g)
R % (k1 - k2) g — k1vkop

- (4n)? Ky - ko

implex

(4.9)

Gauge invariance must be restored again with Dyson subtraction. Unfortunately,
we cannot simply impose k; = ko = 0 because of the denominator. The coefficient

of g, simplifies the denominator, while the %y, ks, term has no clear limit. If we
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accept that ky,ko,/ (k1 - k2) = ¢, we can properly perform the subtractio:

MGB N MGB o MGB _ 62)\'02 % (kl . k’Q) guy — kflyk’Qu n lguy
k1=ko=0 (47T) kfl * kjg 2
62)\1] (410)
= ———— (k1 -k , — ki k
(471')2 (kl . k2) [( 1 2) gu 1 2;;]
We can express the constants in terms of my and myy:
GB e’g
M = —=— (k1 - k2) gy — krvkizu] x 2 (4.11)
(47)" mw

We remark that, in a gauge invariant regularization, the divergent integral in (E.8])
would provide just the same additional term as Dyson subtraction, so that the re-

sult would be automatically transverse. The factor 2 is exactly the non-decoupling

term of Eqn. (334]).

To resume, we calculated the H — v amplitude via the Equivalence theorem;
we followed Gastmans et al. prescriptions to deal with divergent integrals: we
stuck to four-dimensional integration, and used Dyson subtraction to recover the
invariance on the final amplitude. We found a non-zero result which agrees with
the old result (834]) in the limit my — 0, and is at odds with the new one
by Gastmans et al.. The idea that a different result is the sign of a failure of

dimensional regularization is confuted.

4.2 The decoupling theorem

Hence, the Equivalence theorem suggests that a heavy Higgs boson does not de-
couple from light W bosons in the limit my /my — 0. However, Gastmans et
al. used the decoupling theorem to justify that the amplitude must vanish in this

limit. Is there a failure of the decoupling theorem?

In their original paper, Appelquist and Carazzone [5] formulated the decoupling
theorem in a gauge theory with heavy fermions: in 1-PI diagrams with gauge

bosons on the external legs, the interactions with heavy fermions can be reabsorbed

!Otherwise, we could simply remark that the ki,k2, term is finite in the intermediate cal-
culations; thus the action of any regulator or subtraction can only tune the g,, coefficient to
match the %y, ko, one.
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into an effective gauge coupling, provided that the renormalization scale is much
smaller than the fermion masses. In other words, all the low-energy amplitudes
computed in the theory without the heavy degrees of freedom coincide (up to a
redefinition of the renormalization parameters) with those in the full theory in the
limit where the masses of the heavy part of the spectrum are pushed to infinity.
The original theorem has been generalized and applied to many theories with
different scales of mass, provided the low-energy theory remains renormalizable
after integrating out the heavy degrees of freedom. Indeed, we have some examples
in the Standard Model of non-decoupling contributions by the top quark, because
in the limit m; — oo the isospin doublet with the bottom quark is broken, and

the resulting theory is not renormalizable.

That said, it is clear why the theorem cannot be applied in the limit my — oo
as Gastmans et al. said: the heavy degree of freedom is on an external leg, and
therefore it cannot be absorbed into an effective renormalization coupling as the

theorem requires.

4.3 The limit my — 0

Nevertheless, it is interesting to explore the opposite limit my/my — 0. One
of the initial critics by Gastmans et al. was indeed that the old calculations of
Refs. [3,14] were performed in the limit of light Higgs boson, and lose meaning in
the opposite limit where the decoupling shold have occurred. However, the new

result is quite different also in the limit of light Higgs boson:

2
M, o= ﬁ (k1 - k2) gy — ik €€y x 7 for the old result (B.34])
W
2
M., o= ﬁ (K1 - k2) gy — K1k €€y x 5 for the new result (B32)
W

(4.12)

We briefly summarize the original argument by Shifman et al. [4]: it is based
on renormalization group considerations, and so its conclusions should be quite

general.
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FIGURE 4.2: One-loop vacuum polarization via W’s. If we add a classical H
field, the only effect is the shifting of the mass of W. We can therefore extract
an effective H~vy vertex from this diagram.

Let us start from the vacuum polarization in the Weinberg-Salam theory. We can

write an effective lagrangian for the loop in Figure

1 —bier A
eff v i
£ =~ Ful" Z ) In 77 (4.13)
where the sum runs over all charged fields with mass M;, the b; are the one-loop
coefficients of the [ function, and A is an ultraviolet cutoff. In a pure Yang-
Mills SU(N) theory, we have b = 11 N/3. For a massive W, we must consider

the contribution of the longitudinal polarization, i.e. an additional scalar particle
which adds a —1/3 value.

11 1 22
by = —N — = =

— =7 4.14
3 3 3 ( )

What happens to vacuum polarization if we add a light Higgs field? The interaction
lagrangian is:
Liyw = gmw WIW* H (4.15)

If H is a light field, we can approximate it with a constant-valued classical field.

In this way, it only contributes with a shift of my:

miy — my + gmw H (4.16)

If we insert it into (AI3]) and take only the first-order term in H, we have:

1 —7¢é? gH e2qg 1
Yoy E— e —— | =—— | ——FF" 7 4.17
Hryy 4 I (47T)2( mW) (47T)2mw< 4 13 )X ( )
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This corresponds to a tree-level H — ~~ effective amplitude:

2
e
Meﬁ - m [(kl : kZ) guu - klquM] E;felz/ X 7 (418)

This actually agrees with the limit 7 — 0 of the old result (8.34]), whereas Gast-
mans et al. have a factor 5 in the place of the factor 7. Again, it seems that the

result by Gastmans et al. is at odds with renormalization group equations.

Just a few words about the decoupling theorem in the limit my, — oo. In a naive
way, we could simply accept that M — 0 in the limit my, — oo because of the
my in the denominator. However, in the Weinberg-Salam theory, my = %gv
and my = Av. Pushing the VEV to infinity would scale all masses to infinity
without modifying their ratios. On the other hand, if we want to push my — oo,
we cannot push g — oo because the perturbative framework would be spoiled
(moreover, M does not depend on g if we explicit my,). To explore the limit
my /mwy — 0, we can though take A — 0. If we take indeed the squared matrix,

and explicit the dependence on A, g and v, we have:

v? et Mo

IM|* = (49+0(N) 5 =0 (4.19)

(4m)*

The application of the decoupling theorem turns out to be more cumbersome than

Gastmans et al. thought.






Chapter 5
R¢ gauges and cutofls

In the previous chapter we showed that the expression of the amplitude H — ~~ by
Gastmans et al. does not fulfill the Equivalence theorem in the limit my, << mpy,
and is not in agreement with the analysis of Renormalization group equations in
the limit my << my. However, we have not yet shown where the weak point in
Gastmans et al.’s argument is. We now want to repeat the calculation in a renor-
malizable gauge, to see whether the problem resides in the highly divergent inte-
grals which appear in unitary gauge. In particular, we choose ‘t Hooft-Feynman
gauge (£ = 1), because in this gauge the gauge bosons, the Goldstone bosons and
the Faddeev-Popov ghosts have the same mass, and this leads to a simplification

in Feynman parameters.

5.1 The evaluation in ‘t Hooft-Feynman gauge

In renormalizable gauges, we have a lot of different diagrams because we have
to deal also with Goldstone bosons and ghosts. We show them in Figure 5.1
To simplify the expression of matrix elements, we will omit the constant factor
egmy/ (2r)* and the polarization vectors. About the ghosts, there is an ad-

ditional minus for the fermionic trace. We have 14 diagrams and their crossed

39
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counterparts:

af ,po
9% 9%7 g
did 9 Ya
M / D, DyDs

X [— (/{: + 3k + §]€2)pgﬁu - (k —Ski + %]{;2)[3 Gup + (2k + k2)p gpﬁ}

X |:— (k? — %k’l — %k;Q)O_g/yy - (k’ - %kfl + %kQ),ygya + (2]{: - kl)y ga'yi|

(5.1)
N TP
IMpww = / D1DyDs ( + Sk + 292)
x| = (k= Sk = 3ka), g — (K = k1 + 382) | oo + (2K — k), 0]
(5.2)
po
. _ - d4kgal/g g ke — §/€
ZMWW(? / D1D2D3 ( 1= 292)a
X |= (k4 3k + Lks) — (k= 2k + ko) + (2K + k)
2 1 2 QPQBM 2 1 2 Qﬁgup QMng
(5.3)
ZMW(bW = — mW/d4k% (54)
1, 9o g™ 3 3
iMwgy = [ d kD1D2D3 (k — 3k = 302),, (2k — Ku),, (5.5)
. Gvyv
Mo =5/ S S+ ), 200, o
2
. __my 4, Gvo Gup 9°
ZM¢W¢ = 9 /d kiD D2D3 (57)
iM —m—%’/dﬂ‘k#(%Jrk) (2k — k) (5.8)
"0 " om2, DDy Ds 2u Y '
. 4 g*’ 9a
iMyw =— | d°k D1 Ds (2guugﬁv — GuBGvy — g;wguﬁ) (5.9)
2
. my 4 QQMV
IMpp = — — | &'k—=—""= 5.10
¢o Qm%,[,/ D1D3 ( )
’LMw¢ —ZM¢W = —5 /d4k’% (511)
. . 1 1
'LMU+ :ZMTT = _5 /d4kD1D2D3 (k - %kl + %ké)u ( B %kl B %k:Q)u
(5.12)

Since we have only logarithmic divergences, we can proceed as in Sec. B.I} we take

all fractions to the least common denominator, combine the denominators with
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v
w
L. W 4 crossed + crossed
+ crossed + crossed
+ crossed + crossed
R el
o o
H----«:: W+ crossed H----«:: 19 + crossed
¢ AN
M M,
W: v: P
H H
———— ._--.“
My
P 1% + crossed + crossed
.,
M¢W
.N\/\N\;}/\a _N\/\N\/ﬂ\/a
Aoy 4 crossed H_ .7y 4+ crossed
> v
M+ 7 M,- 7
FIGURE 5.1: The one-loop diagrams in R, gauge that contribute to the am-
plitude for H — . The ¢ are the would-be Goldstone bosons, and the 7 the
Faddeev-Popov ghosts.
Feynman parameters, and shift the integrals to
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Moreover, we set k? = k3 = 0 and ki, = ko = 0, since we left out the contraction

with the polarization vectors €/ €5. Finally, we drop all odd terms in .

2 1
omitted ﬂe’feg 2/d$1dx2 /d4k 3
(277) simplex <l2 — m%[/ + 2.1’1.1’2 (kl : kg))

iMuwww =k1,koy (44 20 + 21 — 102129)
-+ k’l . k’g guy (—5 + 29+ 11 — 4l‘1[L‘2) + 10luly -+ 2l2 gwj (514)

1
’LM¢WW :k’lykfgu (2 — X9 — 2[L‘1 — §l‘1ZL‘2)

1 1
+ k’l . k’g guy (—1 — T2 + X1 + IL‘ll‘Q) + §ZMZV — §l2 gwj (515)
1
Z.MWV[@ :k’lykfgu (2 - QI‘Q — T — §l‘1ZL‘2)
1 1,
+ ki kg (—1+ 20 — 21 + 2922) + §lul,, — §l Gy (5.16)
iMw¢W = — m%,VgW (517)
iMwps =k, ko (221 — 2122) + L, (5.18)
iMgew =kivkay (229 — 122) + Il (5.19)
) 1
ZM¢>W¢ - §m§{guu (520)
m
iMagp =—— 22125 kaykoy + 20,0, (5.21)
My
ZMWW :121’1372 kl : k2 Guv — 6l2 Juv + 6m%4/ Juv (522)
2
. m
Mg :m—f [2:1:1:62 ki« ko gu — I Guv + g“,,m%,} (5.23)
w

) ) 1 1
iMuwy =iMgw = k1 - ka g (—22 + 2129) + ém%,gu,, — 512 G (5.24)
1

1, (5.25)

1
iMy+r =iM,- = w129k, ko) — 5

2

We remark that all matrix elements are symmetric with respect to the the swapping
(k1 <> ko, 1 <> v), hence we can take the crossed diagrams into account just by

doubling their non-crossed counterparts.
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B K J 1 5
1 =
k+§(k1+k2) P k1 k‘+2(k‘1+k‘2) -
1
H k+35(—ki+k2) H H
k1+k2 k1+ko v
k=L k1ths) o oz 1 ko
2 ¥ Ww k_§(k1+k2) ol
H

k1+ka

k+%(—k1+k2)

v v

FIGURE 5.2: Loop momentum choices for the different topologies of Feynman
diagrams in R gauge.

iMy =2i My + 2iMaww + 2iMuws + 2iMg + 2i Mg
+ 2iM g + iMuw + 2iMyys + 2iM gy + 2iM,e + 2iM, -
=2k, ko (8 — 122122) + 2k1 - ko g (=7 — 20 + 21 + 62122)
+ 24 (Ll — 112 gp) + 6miy g (5.26)
IMp =2iM gy + 1M g

2

m
:ﬁ [21’1552 ki« ko g — 4x102 Kk + gpl/m[%{/ +4 (lﬂl,, - il2 g“,,)]

iMe =2iMgwy = —M3H G (5.28)

We intend to follow Gastmans et al.’s recipe, so we perform the 4-D symmetric
integration [,[, — ingW. The divergences disappear, and we are able to perform
the integration. Moreover, since the integral on Feynman parameters is symmetric

in xy <> x9, the term proportional to x; — x9 in (5.26]) identically vanishes.
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e2gmyy 2
_egmw e d — Kk, (8 — 12
+ k1 ko g (7T — 62122) — 3myy gu,,] (5.29)
e*gmy m%{ 1
=———— [ doid -9 ki ks g,
Mb (47T)2 m%}[] /S;mﬁlex T2 m%v — 2,]:‘1,]]‘2 (]{)1 ] ]{)2) T1T9 K1 2g,U«
-+ 4.1’1.1’2 klykgu — gu,,mlz/V] (530)
M :ezgﬂ /dﬂfld.’EQ m%{gwj (531)
‘ (47T)2 simplex mIQ/V - 2.1’1.1’2 (kl . k:Q)

In order to correctly perform the Dyson subtraction, we separate the matrix ele-
ments in three groups: the M, contains only Goldstone bosons, and so in practice
it is granted by scalar QED, and has to be separately renormalizable. Besides, at
first sight the diagram M. = 2Mw, does not depend on k; and kg, and would
be cancelled by Dyson subtraction; to avoid this, we treat it separately and use

that m?, = 2k; - ko on the mass shell.

My — My — M,

2
2
_6 gmw /de‘lde‘Q

k1=k2=0 N (47‘(‘)2 implex m%,[, — 2[L‘1{L‘2 (k’l . k’g)

[ — klyk2u (8 — 121’11‘2) + kl . kz g“,, (7 — 121’11’2)]

(5.32)

My — My — M GQQme%f/d d !

— =————~ [ dzydz
b b b k1=k2=0 (47‘(‘)2 m%/v simplix 2 m%/v — 2371372 (k}l . kQ)

[ — 4[L‘1l‘2 ]{?1 . k’g guy + 4l‘1l‘2 kjlkaM] (533)

2 2k - kogu
M, =29 /dxlde e (5.34)

(47T) simplex my, — 2r119 (kl ’ kZ)
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We can sum the three terms and integrate on Feynman parameters (see Ap-
pendix [Al):

16 — 24371372 — 4371.1’22—2%1
W

egm
M= g IZ/V [(kl ' k2)g;w - klykzu]/dﬂfldlg

2
(47T2) simplex mW - 2.771372 (kl : k2) (535)
€ g _ _ _
o 0 B0 — bk (23771 43 (277 = 72) (7))
w

where 7 = 4?%/ and f (1) is defined in ([B.33]). We got the old result (3.34]).

To sum up, we calculated the H — ~v amplitude in ‘t Hooft-Feynman gauge; we
followed Gastmans et al. prescriptions to deal with divergent integrals, kept to
four-dimensional integration, and used Dyson subtraction to recover the invariance
on the final amplitude. Again, we have another proof that the difference between
Gastmans et al.’s result and the renowned one is not a matter of regularization.

Let us go back to the problematic integral.

5.2 Definiteness and cutoffs

We realized that the problem is in the integral

2 —4l,l,

I, = /d4l In v (5.36)
(12 — M? + ie)

where M? = m?, — zyxom?. In order to appreciate better the definiteness of the

integral, we perform a Wick rotation and get to:

24
L, =i d‘%M (5.37)
1% (l2+M2)3

Such an integral is ill-defined because it is not absolutely convergent, and so its
value depends on the way we extend the domain of integration to the whole R*.
The integral simply does not exist without a regulator (as Gastmans et al. naively
say), and in this context the symmetric integration is meaningless. However, Shao
et al. [9] decided to enforce Gastmans et al.’s argument by making the integral
finite with a sharp spherical cutoff. Thus, the integrals are now meaningful and
we can deal with them; moreover, a spherical cutoff is obviously invariant for

Euclidean rotations, hence the 4-D symmetric integration works correctly. Besides,
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Shao et al. extend the use of the cutoff regularization to all one-loop integrals,
modifying the Passarino-Veltman reduction method [33134]. We left in Appendix (Bl
the main feature of the cutoff-regularized one-loop integrals, and here we only
discuss the results for H — ~v. We only remark the Passarino-Veltman scheme

adopts a different choice for the loop momentum, as in Fig. 5.3

In ‘t Hooft-Feynman gauge, they get:

02
M (b bl (o + Oy = 120 G 2) )
H
— Kk (23 + 128, — 123, (m3; — 2miy) ) |
.2 3 (5.38)
:m [(k‘l . k2)gMV (1 + 57'_1 + 37'_1 (2 — 7'_1) f (T))
— kiko, (24377 4377 (2 =771 f (7)) ]
where Cy = Cq (0,0, m3;, mé,, m¥,, mi,) = —2f(7)/m?% is the 3-point scalar func-

tion, and as usual 7 = m?% /4m¥,. As we expect, gauge invariance is spoiled with
a cutoff regularization, and we must perform the Dyson subtraction. On the mass
shell, we have kq - ky = %m%{ = 2m?,7, and so we can evaluate the matrix element
in ki = ky = 0 by taking the limit 7 — 0. Since f (1) =% 7 (1+ 17) + O (%),

we have:

2
- %9 [ (Qm%,[ﬂ') v (1 + ;7'_1 +377! (2 — 7'_1) T <1 + %7)) ]

k1=k2=0 _(47'(')2 my
_62792 2 (§ -1 _ g1 01))
_(4ﬂ)2mw(mw7')gw 57 T+ O(
e*gmyy

- 2
(47)

<_39W)
(5.39)

Moreover, as we discussed before, by subtracting M we are taking off the
k1=kz=0

contribution of the Mgy, diagram, which does not depend on ki, k. We can

perform the subtraction and re-add the diagram:

o (o)
M = —m2 v 540
Mo = P o \2 T (5.40)
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and get to

M-=-M-M

e2qg
b Moy = — 2
k1=ko=0 oWe (47T)2 mw

(k1 - k2) G (1 + 27‘1 +3r (2= f (7‘))

— ko, (24377 4377 (2 =771 f(7)) (5.41)
Uy ke 1 o 2k - @]

3 2 v 9 N v 9
+ M G m + PREL m3
2
e
:ﬁ [(B1 - ko) g — kikau] (24377 + 3771 (2—77") £ (7))
%

In this way, we see that the Passarino-Veltman reduction with a cutoff reproduces
the calculations of the last section in ‘t Hooft-Feynman gauge, recovering the old
result (B:34). We wonder whether the same happens in unitary gauge. Indeed, we

have

2
M :—(477)26752 ~ [(kl - k2) Gy (Gm%,v — 12m%,[, (mff — 2m12,v) C’O)
H!W

— Kk (123, — 12m3, (m3;, — 2m3,) Co) |

3e’g (5.42)

= [(kl “k2) G <%Tl +rt (2= f <T>)

(47)* my

— k1ykay, (7‘71 + 71 (2 — 7"1) f (7‘)) ]

FIGURE 5.3: Conventions for the N-point integral.
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_ 736291"gw
k1=ky=0 (4m)

Yet, we evaluate M 9, and subtract:

M =M —-M

3%y
k1=ko=0 B (47‘(‘)2 myy
(k1 - k2) gy (%7'_1 + 77! (2 - 7'_1) f (7'))

— kwkoy (TP T2 =77 f (7)) (5.43)
. 2k /<;2]

+ My G B
My

_ 3e%g ) _ 1y (g -1 -
_(47T)2mw [(F1 - k2) Gy — F1vkay] ( + (2 )f( ))

This is interesting: Shao et al. enforce the Gastmans et al.’s argument by properly
choosing a regulator which allows them to perform the 4-D symmetric integration;
the final Dyson subtraction leads to Gastmans et al.’s result ([B:32) in unitary
gauge, whereas the old result (8.34]) is found again in ‘t Hooft-Feynman gauge.

Moreover, Shao et al. provide an estimate of potential surface term which could
appear with different choices of loop momentum because of highly divergent inte-
grals in unitary gauge. If we shift the Passarino-Veltman loop momentum by p,

we get an additional surface term:
e2g
AMu(p) :m
X |29, (k1 — ka)-p (—3/\2 —2m3 4+ 3miy + (ky + ko) -p — p2)
+ (koupy — pukan) (—3A2 —2mj, — 6myy, + (ki + k2)-p — p*) }
(5.44)

If we choose p = (k1 + ko) /2 as Gastmans et al. do, we get AM = 0. There is no
hope of adding surface terms to make Gastmans et al.’s result agree with the old

one.
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5.3 Other R¢ gauges

The main difference between renormalizable R, gauges and the unitary gauge is

in the ultraviolet behaviour of the propagator

A 1 v q"q"
BT (gu U0 e )
uv q“/‘[;” v (545)
e 1

2 2 2 9 2
q= — myy miy ¢ — Emiy,

For finite £, the propagator is O (¢~2), and leads to the same logarithmic divergent
integral as in ‘t Hooft-Feynman gauge; on the other hand, for £ = oo (unitary

gauge) the propagator is O (¢°), leading to a highly-divergent amplitude.

In dimensional regularization we can freely shift even the highly divergent integrals;
hence we could show that all £&-dependent terms in the amplitude cancel out,
leading to the same result as in the unitary gauge [7]. We provide the explicit

calculations of this issue in Appendix

On the contrary, in gauge-breaking regularizations, highly divergent integrals can-
not be freely shifted, and it is difficult to show the explicit cancellation. We limit
ourselves to studying the divergent behaviour in ¢ gauges. The integrals are only
logarithmic divergent, so we can perform usual Feynman parametrization and shift

the integration variables. We obtain the expression

2 16 0
0 =1 i=1

(2m)" v (5.46)

l6
A 411 — g™ + finite integrals
/ (l2—M2+ie)6( 9") s

with M? =m3, (14 (£ — 1) (x4 + x5 + x6)) — Mm% (23 + x6) (T1 + 24).

Despite of the complication of Feynman parameters, we have the same form as in
([622)): the divergent integral can be regularized leading to a tensor Ig"”, whereas
the coefficient of k4 kY is finite and uniquely determined. If we use a gauge-invariant
regularization, the coefficient of g"” will be the same as the one of k4kY, so that
the amplitude will be properly transverse. On the other hand, with a cutoff we
have in general a different value for the coefficient of ¢g"”, but it will be tuned to

be the same as the one of k5%k} by Dyson subtraction.






Chapter 6
Indeterminate integrals

In the previous chapters we showed that if we use a renormalizable gauge with a
cutoff, or if we use dimensional regularization in whatever gauge, we get to the old
result (3.34)) for the amplitude H — ~~. If we instead use a cutoff with unitary
gauge, we get to the Gastmans et al.’s one. Our aim is now to understand how

this difference arises, and if we can still trust the good old cutoff.

Let us go back again to the integral

Gl — 4L,
[W:/d‘*z T (6.1)
(12 — M? + ie)

where M? = m}, — z1mom?3;. After Wick rotationEI and rescaling | — M1, we get

, 8 l? — 4,1,
Il“/ = ’l/d4l W (62)

To simplify the discussion, let us focus on the case p=1,r =1

, > — 412 :
]11 =1 d4l m =1 d4l F11 (l) (63)

The integrand is not a summable function: it is not positive everywhere in the
domain of integration, and f d4l |F11| = oo, which means that the integral is not
defined per se — the value depends on how the boundary is chosen to behave at

infinity.

'Which amounts to d*l = id4l, g — O, 1> — —1% and 1,1, — flflf.

51
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2

FIGURE 6.1: We integrate Fj; = (l1+l2)%3 over an elliptic domain. Because of
cylindrical symmetry, the plot is the same independently of I, = ls,13,l4. The
darker the background, the larger is the F'; value. The boundary is solid when
F1p > 0, dashed otherwise. Since we broke the spherical symmetry, the ellipse
bounds a negative part which is larger than the positive one: the integral does

not vanish.

As a first example, let us consider a ‘spherical cutoff’ in the sense described below.

In polar coordinates, we write
A l5 )
Iy =1 dl ———= [ dQy (1 —4cos” 6
w=i [ s [ )

A 5 s

[

:i47r/ dli?’/ desin20(1—4cos29):0
o (14+1)7 Jo

(6.4)

A is a dimensionsless cutoff, being [ a dimensionsless integration variable. The
angular part vanishes, so there are no problems with the logarithmic divergence
of the radial part. Actually, every integration domain which has the I; < =£I[;

symmetry, leads to an identically vanishing integral.

As a second case we choose a non-symmetrical domain of integration. For example,

let us integrate F; over the elliptical domain f—i + 2413415 < A? (see Figure[G.1])

1 — (44 3€) cos?
1+ 12 + [2e cos? §)°

A
111:i47r\/1+e/ dll5/dﬁsin29(
0

Aooo, ,8+4de—€*— 81 +¢
> i
2¢?

The integral in (6.3]) can assume different finite values as a function of e.

(6.5)
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Choosing asymmetric boundaries, we even lose tensor invariance, obtaining a 4 x 4
matrix of unrelated, indeterminate terms. This translates into the fact that 1,
is no longer proportional to d,, as it should be the case (see (€2])). We seck an
appropriate choice of the boundaries for all the terms in the I, matrix in such
a way as to recover a 0, structure. We can therefore compute the 7, entries
by choosing the same asymmetric boundary on all diagonal terms, and generic
symmetric boundaries for all off-diagonal terms. In this way, all diagonal terms will
have the same indeterminate value I, whereas off-diagonal terms will vanish. We
thus obtain [, = 10, with I being an indeterminate (even divergent) constant.
This trick may seem wooly, but it is only a recipe to recover a posteriori a correct

tensor form, just as we did with Dyson subtraction to recover gauge invariance.

For the sake of simplicity in the following we consider a two-dimensional version

of I, in (6.2)
' 5,“,[2 — 21,1,

Ly =i / dQZW (6.6)

This version of I, has the same properties of its four-dimensional counterpart,
namely: 7) the integral is superficially divergent as a logarithm, i) it is identi-
cally zero for symmetric integration domains, #ii) the integrand function has no
definite sign. The conclusions we will draw from the following calculations in two
dimensions remain unaltered in four dimensions: here we just avoided superfluous

technical complications.

As we did before, let us start by computing the I1; term. We realize that I1; can be
mapped into an entry of the I15 kind upon a rotation by 45° of l1ls axes. I1; = Io
only if the integration domain is rotated accordingly. Since the calculations turn

out to be simpler using the {12} entry, we will make our observations on this case

—20,1
[12 = Z/‘dQl% = Z/dgl F12 (67)

1+12)?

At any rate we remark that the domains of integrations will be chosen in such a way

only

that eventually all off-diagonal I, entries will vanish so as to recover eventually

the 5uv tensor structure.

The integrand in (67)) is negative when Il > 0 (I and III quadrant), and positive
otherwise. In the former case, we bound a domain with two quarters of a circum-

ference of radius A; in the latter case we use a square with edge A (Figure [6.2)).
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FICURE 6.2: We integrate Fio = (Iillgl)% over a mixed boundary. We bound

the domain with a circle when Fis < 0, and with a square otherwise. Since we
broke spherical symmetry, the integral does not vanish.

We have

A l3 /2 ll l2
Iy = —41/ dlﬁ/ d@sin@cos<9+4z’/dlldl2 12
o (14+12) Jo o,A1x[0,4] (1 + 13 +13)

. A2 1+A2 A—oco . 1
_Z<m“n1+2/\2> "(1““5)

Again we get a finite non-zero value. The leading divergences are the same in each

(6.8)

quadrant, whereas the finite part is boundary-dependent, so that the sum does

not vanish.

More generally, we can slice R? into a countable set of bounded regions, in order
to reduce the integral over the whole R? to a countable sum of finite integrals, i.e.,

into a series. We can thus use the Riemann rearrangement theorem [35] to obtain

whatever finite value or logarithmic divergence.

For example, let us consider all the concentric circumferences with integer radius,
thus slicing R? into annuli: the integral of Fj, over each annulus vanishes by

circular symmetry. Therefore we slice each annulus into a positive region P, where
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50"30"8o] 11

FIGURE 6.3: Riemann rearrangement. Light gray regions have positive integral
pr, dark gray regions have negative integrals ng. The absolute value of each
region is bounded by M ~ 0.62. We can obtain a divergent sum following this
algorithm: (a) we sum first positive terms po+ - - - + pn,, until we exceed 1+ M,
then we can subtract ng still exceeding 1; (b) we continue adding positive terms
until we exceed 2+ M, then we can subtract n; still exceeding 2; (c) and so on.
We see that the negative region becomes smaller and smaller than the positive
region, so that it cannot cancel the logarithmic divergence.

Fi2 > 0, and a negative region Ny where Fi5 < 0 (Figure [63]). We therefore have

/2 k+1 3
= dol F1o =4 d@sin@cos@/ dl ——
Dk /Pk 20 112 /0 . (1+ l2)2

1 1 l k% 4 2k + 2 (6.9)
k2+2k+2 k241 & k241

ng :/ dyl Fio = —py;
Ny

The py form a bounded sequence of positive terms converging to 0. We can find

that the greatest term of the sequence is p; = M & 0.62. Specularly, the n; form a
sequence of negative terms converging to zero, bounded by n; = —M ~ —0.62. If
we unite all P, and Nj,, we recover the whole R?, therefore if we sum all p;, and ny
we recover the whole integral. Since ), pr and ), n;, both diverge separately, we
must specify the correct ordering of terms. We start by adding the first positive
terms p; until we exceed 1+ M, and then add the first negative term ngy. Since

all 0 > ng, > —M, we still have
po+pit -+ pNn —[nel >1 (6.10)

We can continue adding positive terms until we exceed 2 + M, and then add ny,
and so on. The resulting sum covers all P, and N regions. The series diverges,

and so does the integral.
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(1+12)*

cutoff A. In the plot we show a deformed cutoff A (§) = Ae“s™??. The curve is

solid in the region where Fis5 > 0, dashed otherwise. Since we broke spherical
symmetry, the integral does not vanish.

FIGURE 6.4: We integrate Fo = regulating the function with a smooth

One might wonder whether the same behaviour occurs with a smooth cutoff. We

calculate (7)) with a Schwinger regulator [30]

L5 Zi/dzl(—2l1l2)/ ds s e~ s(1+1)
» (6.11)

2
:—z’T(O,i)/ df sinfcost =0
A2
0

where I'(a, b) is the incomplete Gamma function [37]. Again, the angular part of
the integral vanishes, and so we can ignore the logarithmic divergence in the radial
part. However, if we deform the cutoff giving an angular dependency to it, e.g.

A — A (0) = Aexp (esin 20) (Figure [6.4]), we obtain

Iy :i/dQZ(—thz) dsse_s<1+12)
1
M 6.12
i/%dﬁ sin@cos@F(O ! ) Azeo, | |
= YN —1TE
0 A%(0)

Schwinger regularization turns out to be particularly instructive as the indeter-
minacy of the integrals is not related to the shape of the integration domain but
rather to the behaviour at infinity of the integrand function. This is a sign of

the fact that, in order to tackle the indeterminacy of the critical integrals in this
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calculations, one exclusively needs to set physical constraints as there is no math-

ematical prescription which can univocally determine them.

In fact, one might ask if gauge symmetry could be just such a physical prescription.
If so, all gauge-invariant regularizations would lead to the same univocal value.

We can indeed show this feature with an argument by Shifman et al. [6].

To pinpoint this issue, we rewrite the integral (G.1]) in the form

1 82 1 M2
Ly =5 [ d' — g | dY 1
T2 / g B — M2 +ie " / (12 — M2 + i)’ (049)

The second integral is well defined and gives just a value —in? /2. The first integral
of total derivatives which cancels this number in dimension 4 is the one which
breaks gauge invariance. Indeed, it can be viewed as a second order of expansion

in the constant gauge potential A, of the expression

/d4l !
(I4+eA)2 — M2 + e

(6.14)

Thus, the latter integral must vanish in all regularizations which preserve gauge
invariance. Hence, the original integral (G.I]) has a univocal value of —ig,,m*/2 in

all gauge-invariant regularizations.

To summarize: in the H — v amplitude, we deal with an ill-defined integral.
If we use gauge invariant regulators, the integral has a univocal value, and the
calculations lead to the renowned result (8.34]). On the other hand, if we decide
to use gauge breaking regulators, we must remember that the value of the integral
depends on the choice of the regularization scheme, and we cannot rely on the fact
that it seems finite and univocal. In other words, the value of the integral must

be considered indeterminate anyway:.

Does this fact mean that a gauge breaking scheme like the cutoff is not to be
pursued at all? In the following we mean to show that the problem does not reside
in the use of a cutoff scheme itself but rather in figuring out that different ways
(spherical, elliptical, etc.) of implementing a cutoff scheme amount to different

values of integrals, i.e., to indeterminate coefficients. We can actually use some
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cutoff schemes provided that there is a clear recipe on how to absorb the indeter-
minate coefficients arising in the calculation, also restoring gauge invariance. We

will show that such a recipe cannot be found in unitary gauge.

6.1 A QED example

After this discussion one might therefore ask why cutoff renormalization works in
several cases independently of the issue of the indeterminate constants discussed

above.

For example, let us discuss the cutoff renormalization of vacuum polarization
in QED. Since we are not protected by Ward identity, the integral presents a

quadratic divergence

15" (k) = —die] /A d4p4 2P ngf o eg A% g (6.15)
(2m)" (p? —m?) ((p — k)" — m?)
The integral is divergent and sign-undefined; it is ill-defined as the one in (G.1]).
We could repeat the above considerations to show that we can lower the degree
of divergence with an appropriate choice of boundary. Anyway we simply add a
photon mass counterterm and force the quadratic term to vanish (i.e. to have a
massless photon), in order to recover a good gauge invariant theory. The presence
of the counterterm ensures that the quadratic divergence disappears whatever value
the integral has. In this case, we can forget about the indeterminacy itself, and
calculate the integral with the boundary we prefer. On the other hand, we cannot
choose a boundary and claim that an integral like the one in (61]) has a finite value
and needs no counterterm (as Gastmans et al. did); we must consider expressly

the indeterminacy and add a counterterm to absorb it.

6.2 Finite but indeterminate

In a beautiful paper, Jackiw [38] gave a different point of view of such indetermi-
nacy, showing that it can occur if the regulator has not the full symmetry of the
theory. For example, he took the vacuum polarization in Schwinger model [39]
(namely a 2-D QED):
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ki i
" (p) = itr/ — My — (6.16)
e ) Fap
This integral is logarithmically divergent, therefore we can shift the integration

variable, and then separate a divergent and a convergent part:

uv [T
" (p) = tr 37" 7a1180 + & <97 = ppf ) (6.17)
where Ph (2 b
| —k2g" 4 2hk
e =2 6.18
v =2 G iy (015

and p? is an arbitrary infrared cutoff, whose value does not affect H@.‘OVH We
remark that TT* is the 2-D version of Gastmans et al.’s amplitude ([B.28]) before
the symmetric integration and Dyson subtraction. In fact, both IT"” (p) and ([B:28))
seem not to be gauge invariant — they are not transverse to external momenta;
moreover, the divergent part II* is just the 2-D version of the integral (6.7);
finally, the tensor IT" is traceless in (u,v), as we can see in ([G.I6) when it is

remembered that in two dimensions y*f~, = 0.

To make progress we must assign a value to II#Y. But no unique value can be given,
because the integral is divergent, that is, undefined. By Lorentz invariance, IT#”
should be proportional to ¢g"”. In two dimensions any Lorentz-invariant prescrip-
tion for calculating the integral will give a vanishing value, 1Y = 0, consistent

with its being proportional to g and traceless.

Otherwise, we can choose a gauge-invariant regulator like dimensional regulariza-
tion, which gives an additional contribution II%Y = %g“”, and leads to a gauge-

invariant result for II*” (p).

Thus, we have just shown that different choices for the regularization scheme
can produce different results; therefore, Jackiw proposes the Ansatz that 1% =
ag"”, where a is dimensionless and as yet indeterminate. In this viewpoint, the
Feynman graphs of the Schwinger model need not be regulated, but give a vacuum

polarization with an indeterminate local part:

" (p) = £ (g“”<1 _5 a) - p;fy) (6.19)

2 After the Wick rotation, i can be absorbed by substituting k — uk
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This result is still unpleasant, because of the ambiguity of a and the lack of
transversality. Yet, we can still make use of the formal gauge invariance of the
Schwinger model and force a posteriori gauge symmetry to be preserved. Indeed
this constraint yields to the univocal choice a = 1 and to the conventional result

for the vacuum polarization in this model

v v PP
™ (p) = + (g“ T ) (6.20)

and a photon mass

2 e’
= — 6.21
m - ( )

We remark that by adopting the transverse expression for the vacuum polarization,
in order to agree with the constraint of gauge invariance, we are compelled to

abandon the tracelessness of I1" (p).

Let us go back to H — ~7. The argument by Jackiw has shown that indeterminacy
can arise if we use regulators which have less symmetry than the theory, and
it is not necessarily resolved when we restore the symmetry at the end of the
calculation. On the other hand, if the regulator maintains the symmetry, the result
will be univocal, as shown in the last section. We can easily understand the case
of gauge symmetry: gauge invariant regulators decrease the degree of divergence
of the integral, making it finite and regulator independent. Indeed, by naive
power counting, we know that the amplitude H — ~7 is logarithmically divergent
in renormalizable gauges. In gauge invariant regularizations, we can group two
momentum powers in the numerator to extract the gauge invariant factor k-
ko g" — kNKY. so that the amplitude becomes finite. In unitary gauge too, we
expect the same finite amplitude after a non-straightforward cancellation of higher
divergent terms. However, this cannot be done in cutoff regularization where the
Ward identity and gauge invariance are spoiled by the breaking of shift invariance.
In the latter case the integral remains indeterminate or at worst logarithmically
divergent. The expectations by Gastmans et al. to get a finite amplitude which
needs no regulator are disappointed by the choice of four-dimensional symmetric
integration, which implicitly uses a spherical cutoff scheme, leading to the breaking

of gauge invariance and to a divergent amplitude.

To subtract the divergence in the cutoff regularization scheme and, in general,
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all cutoff-dependent terms, we need some counterterms. Breaking gauge symme-
try, we have the most general lagrangian with all possible combinations of bare
fields and bare couplings, even an ad hoc counterterm in the form dmga hoA3.
This is what Dyson subtraction means: hide all divergent, cutoff-dependent, non-
gauge-invariant terms into a counterterm, which would vanish in a gauge invariant

regularization scheme.

We recall here the result of Sec. 5.1l about the H — ~~ amplitude in ‘t Hooft-
Feynman gauge. Before regularizing and calculating divergent integrals, we found:

62g

./\/lgil = [—ké‘k’f (2 +3r 4377t (2 — 7'*1) f (7'))

(4m)%my

3 ! o d*l iz — 4y
— meq <1 + —Tl)/ d:cl/ dxs /—2 g —3
2 0 0 1 (12 — 1 + dxyxoT + i€)

%m?{g’” (1 + ;r—l +3r (2= f (T))]

(6.22)

We remark that the first term (proportional to k5kY) contains only well-defined
finite integrals; the second term is to be considered indeterminate (vanishing ac-

cording to symmetric integration as in Gastmans et al.). With the use of DREG,

the second term would give %m%,g“” (1 + %T*I), leading to the well known gauge-
invariant expression. However, let us remain in the framework of gauge-breaking

regularizations.

In Sec. 5] a modified version of Dyson subtraction is performed to recover gauge
invariance and get to the final expression of the amplitude. One might even wonder
whether Dyson subtraction is allowed without divergent terms [8]. As we have just
shown, the integral in the second term is probably divergent and in any case cutoff-
dependent, so we are allowed to add a counterterm and impose gauge invariance
as a renormalization condition. In so doing we get the correct amplitude in (3.34]).
We would have the same expression by using symmetric integration: every value
of the integral disappears into the counterterm. We are therefore led to observe
that the arbitrariness related to the choice of the boundary (or, in general, of the

regulator) is solved by imposing gauge invariance.
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Why is Gastmans et al.’s amplitude different from the standard one? As shown

in (3:26]), in unitary gauge we have another divergent integral

1
/ d*l / dxlde .
simplex - m%/v + 2.1’11'2 (k’l . ]{32))
X [4l lﬁ (guaguﬁ (kl ' k2) - guaklukzﬁ - g,,gklakgﬂ + gﬂyklak26) (6'23)

+ 207 (k1wkay — g (k1 - k2))

By symmetric integration the integral vanishes, whereas dimensional regulariza-
tion leads to Fprrg (n) = in? (KhkY — ky - kog") + O (n — 4). The integral has
the same indeterminate behaviour of the former one: the value depends on the
choice of the boundary. We can say that F' = JEYkY + J'g"”, with J and J’
indeterminate constants. While in the (G.22)) the tensor k4k} has a well-defined
finite coefficient, and we can tune the rest of the amplitude on it, in unitary gauge
this coefficient is indeterminate, possibly divergent: we must then add another

counterterm dgaaho (9" A%)? to absorb the divergence.

We have now two counterterms and we need two renormalization conditions to
fix the arbitrariness. The Dyson subtraction alone (which means imposing gauge
invariance) is not enough anymore. The result in ([832) is still arbitrary, and
allows the addition of whatever gauge invariant kykY — k1- ko g* term. The other
condition could be, for example, the requirement of the validity of the Equivalence
theorem [30H32] in the limit my — 0, or the invariance of the amplitude in all
gauges: both conditions fix the value of the amplitude in ([332]) to the standard
result in ([B.34]). The indeterminacy is resolved; we also recover the independence

of the amplitude on gauge choice and regulator choice.
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Conclusions

We have analyzed the computation of the amplitude H — v by Gastmans et
al. [IL2], to understand why it turns out to be different from the standard result
of Refs. [34]. Integrals of the form

gl — ALl
[W:/d‘*z e (7.1)
(12 — M? + ie)

are not well defined. We have provided some explicit examples within cutoff

regularizations, obtaining different values by varying integration boundaries.

In ‘t Hooft-Feynman gauge and in a cutoff regularization scheme, see (6.22), we

obtain

eg

wv o nv —1 —1 —1 v

Mle == m [—/{?2 kl (2 —+ 3T -+ 37 (2 — T ) f (7')) + [g,u ] (72)
where [ is a constant which depends on the boundary shape. This makes it
indeterminate as there is no physical prescription on the choice of the integration
boundary shape. On the other hand, the use of a gauge invariant regularization

scheme automatically provides the recipe on how to evaluate the integrals.

Since the term k5EkY, in (1)), has only one finite unambiguous coefficient, we are
able to solve the indeterminacy by imposing gauge invariance at the end of the

calculation.

However, we have shown that, in the unitary gauge, both the coefficients k4 kY

and g"” are indeterminate in the sense of integration boundary shape dependency.

63
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Imposing only one renormalization condition (like imposing gauge invariance by
Dyson subtraction) is not enough anymore. Given the equivalence of R, gauges
with unitary gauge as & — oo, the problem we discuss is likely to be related to
the exchange of this limit with integral sign for non Riemann-summable functions:
the coefficient of k5kY arises from highly divergent terms which do not appear at

finite values of &.

Gastmans et al.’s expression in ([332) is still ambiguous after Dyson subtraction,
and allows the addition of whatever term of the form kikY — ky- ko g*”. This
arbitrariness can be fixed by requiring the validity of the Equivalence theorem, or
by imposing the equality of amplitudes in unitary and ‘t Hooft-Feynman gauges.
In other words, we are able to add terms to (8:34]) in order to match the standard

result (3.32).

The combination of unitary gauge with a cutoff regularization scheme simply turns

out to be non-predictive.
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Some useful integrals

A.1 4-D and n-D integrals

We show how to evaluate integrals of the form

A @)
I= / ( (A1)

2m)" (12 — M2 + i)’

The superficial degree of divergence is n + 2a — 2[3; if divergent, the integral has
to be regularized in some way (for example, with dimensional regularization by

taking the limit n — 4 at the end of calculations, or with some cutoffs).

First, we can Wick-rotate the integral, so that d"l = id"lgy and [> = —I[%, and
rescale [z — [g M. The poles near the integration path are moved away, so we can

take the limit € — 0.

(1)

[ =i (=1)*"F prt2e=28 / A2
Z( ) (2ﬂ_>n (1 + ZQ)B ( )
In polar coordinates,
[e’¢) 2\ &
I =i (=1)*tF pprt2e-28 an / dl l”‘lL (A.3)
(2m)" Jo (14 12)°
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2rn/2
- T(n/2)

where €2, = is the surface of the unitary n-sphere. After some algebra,

i (—1 a+p MNnt20-28 o 2\5—1+
J = Z( ) - / de (l ) 3
(4m)"?T(n/2)  Jo (1+1)
Z' ( 1)a+5 Mn+2a 203

— / / dl2 l2 ——1+ayﬁ 1€Xp( (1+l2))

(4m)"2 T(n/2)T

yl2—1? ’i(—l)a+ﬁMn+2a 25 2 12\ 5-1+a g 2
(47T)n/2 F(n/2)T dl l yPi 7 lexp (—y —1 )

(=) Mty
" P Tn/20 ) <5 ' a> g <ﬁ —5)

(A4)

This result has to be read differently for different regularizations: in dimension-
sional regularization we treat n as a continuos parameter and take the limit n — 4;
in a cutoff scheme, n is fixed but the divergent Gamma function has to be intended

as a Gamma incomplete function.

The integral studied for the H — ~~ amplitude in (337) has o = 1,5 = 3; in

dimensional regularization,

B (4@2%;71/2)21“ (g + 1) g (2 B g)

A5
M m | grige t o
~ nite terms
(4m)"?2 (4 —n)
When multiplied by "7_4, it gets to
.y 4 M i
n-4,_n i : n _ i : (A6)
n no (4n)"?2(4-n) 2 (4n)
That is the result of B37), up to a factor (2r)”.
A.2 Integrals over Feynman parameters
In equation (B3.31]) we found the following integral:
1-2
I = /dl‘ldl‘g 2 11 2 (A?)
simplex mW — L1 X2y
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2
Firstly, we define the variable 7 = ;nm—éf, and separate the fraction:
w

1 = —2mag + 1 — 5=
[=— /d:pldxg - 2r
My Jsimplex 1 —4r 229
1 L 2$1ZL‘2 + 1-— L
:—2 \/dl’lde 27 1 — 4 27
My, simplex T XX (A 8)

1 1 1
= dridry— + (1 — & dridrg———
mlz/V </S;mgix " 27 - ( 27—) /s;mfllex = 1 —4r xle)
1 1 1
=— | —4+(1-2) [ doydoy————
mi, <4T + ( QT) /Simfllexle — A7 :L’le)
We focus on the integral

1
J :/dajld@i

implex 1 —4r T1T2

1 1—x1 1

0 0 1 —47 2129
:/1 dxl—log (1 =47z (1 —a1))

To solve the integral, we derive and integrate with respect to 7:

J:i 1dx1/TdT,i—log(1—4T’x1 (1—m1))
4T Jo 0 dr’ T

A.10
1 T . 1 4(1 o fL‘l) ( )
=— dr dxq
A1 0 1 =47z (1 —xq)
We explore the integral in dx;. We shift z; — 21 + %:
! 4(1—xq) % 4(l—x1)
/ dzx, —at :/ dx, L (A.11)
0 L—droy(1—2) S 1 1—dr (; —a?)
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The domain and the denominator are symmetric to £y — —x1, so we can drop the

odd term in the numerator.

1
2 1 2 2
/ d[L‘l = /21 dl‘l
B T2

1—T’—|—4T/SL’% B 1—7

o= NI

arcsin \/;

(A.12)

R v, 1
(1 —17) 1—7 m

xT

it Finally, we can integrate

where in the last line we used arctanx = arcsin

with respect to 7'

1 [ 1 1 /7

J=— / AT ———arcsin V7' = — / arcsin V7' d (arcsin v T’)
2T 0 \/T’(l—T,) T Jo

_aresin® /T

a 2T

(A.13)

-9
I :LQ (i +(1-4) arcsi \/F) = 12 (r7"+ (277" = 77?) arcsin® V/7)

mW 47— 2T 4mW
(A.14)
The arcsin can be analitically continued for 7 > 1, giving:
1 — — —
I=g (r 2t =778) f(n) (A.15)
with
arcsin®(,/7) for 7<1
= A.16
o) O B e R (A.16)
-5 (M or T
4 1—V1—71
In general, we have:
a — 2bxizo 1 . » .
/simfllexx2 m%/y — l’ll’zm% 4m12/V ( T ( ar T )f(T)) (Al?)
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Passarino-Veltman reduction

B.1 Dimensional regularization

The Passarino-Veltman scheme [33],34] is an efficient way allowing one to express
one loop Feynman diagram as a sum of basic scalar integrals times some coefficients

depending only on external kinematical quantities.

We define the general one-loop tensor integral (see Fig. [£.3) in dimensional regu-
larization scheme as
(2ﬂu)4_n n Quy " Qup (Bl)

im? 4

T,L]L\f...up(ph -+ -y PN-1, Mo, - - - 7mN71) =
with the denominator factors
D0:q2—m%+ie, Di:(q+pi)2—m?+ie, i=1,...,N—1, (B.2)

originating from the propagators in the Feynman diagram. Furthermore we intro-

duce

pio =p; and Dij = Pi — Pj- (B-?’)

Evidently the tensor integrals are invariant under arbitrary permutations of the
propagators D;, i # 0 and totally symmetric in the Lorentz indices py. i€ is
an infinitesimal imaginary part which is needed to regulate singularities of the
integrand. Its specific choice ensures causality. After integration it determines the

correct imaginary parts of the logarithms and dilogarithms.

69
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The parameter p has mass dimension and serves to keep the dimension of the
integrals fixed for varying n. Conventionally TV is denoted by the Nth character
of the alphabet, i.e. Tt = A, T? = B, ..., and the scalar integrals carry an index
0.

It can be shown that every loop integral can be reduced to a combination of Ay,
By, Cy and Dy times functions of external momenta. Lorentz covariance of the
integrals allows to decompose the tensor integrals into tensors constructed from the
external momenta p;, and the metric tensor g,, with totally symmetric coefficient

functions TV

i..ip- For example,

Bu = pluBl
B;w = guuBOO +p1up1uBll
CM - plucl + pZVCQ (B4)

Cuv = 9wCoo + P1up1oCri + P1up2,Cra + P2,uP1,Co1 + D2uP2,Coo

The relations between tensor integrals and scalar integrals can be obtained by
saturating both sides with g, or with external momenta, and solving with respect

to the scalar integrals. For example, we derive

piCy = piCi+ (p1-p2) Oy

. i (B.5)
phCy = (p1 - p2) C1 + p3Cs
therefore
pb1-q
PG, =C / &g | . .
' q° —mg+e) (g +p1) —my+ie) g+ Pp2) —m;+ e
g (@2 —m3 +ie) ((g+p1)* —m3 +ie) ((q+p2)” — m3 + ie)

. (b1 +q)° —p}— ¢
d"q ; 2 ; 2 ;
(> —m3 +i€) (g +p1)” —mi +ie) (¢ +p2)” — m3 + ic)

C
2
1
=3 [Bo (p2, Mg, ma) — By (pa1, M1, ma)
- (m% —m} ‘Hﬁ) Co (p1, p2, Mo, My, mz)}

(B.6)

and the same for p5C),. By solving this linear system in Cy, Cs, we can obtain the

final expressions. We remark that, in order to get the By (pa1, m1,m2), we have
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shifted the integral ¢ — ¢ — p;. In dimensional regularization this can be done in

any case, whereas in gauge-breaking schemes one should be more careful.

We report some explicit expressions for the scalar integrals:

Ao m) = - (122 re-1)

A
2 (L _10g™ 1) +0(a—n) (B.7a)
=m"| <z —log— -n Ta
€ g,u?
1 ! 227 —x(p?y — m2 +m2) +m? — ic
Bo(plo,mo,ml):j—/ dz log [pio (T g 1) 1 ]
€ 0 M
+0(4—n) (B.7b)
2 M?
2 2 2 2y
CQ(M ,0,0,m,m ,m)——w (4—7712) (B?C)
where L = 2 1 =1 4 log4m, and f is defined in (AIG).

B.2 Cutoff regularization

If we use a cutoff scheme, the reduction scheme described in the previous section
can still work, but we must pay attention to the surface terms we can generate

when we shift integrals with more-than-logarithmic divergences (for the details,

see [9]).

We just recall some results which differ from dimensional regularized integrals.

A (0) = —im® A? (B.8a)

Ao (m2) = i m0< (m ) %) (B.8h)
By (pf, mg, mi) = < (—;) i 72111( ) —In (v, — 1)])

(B.8c)

2
PR —m3 4 md /(93 — mi? + m3)? — 4pim3
2p?
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We see that Ay(0) is quadratically divergent, whereas it vanishes in dimensional
regularizatio. The results for the finite Cjy are the same in all regularizations,

being the value of a finite integral univocal.

d’n
!This happens because the tadpole integral / —aq identically vanishes because of the can-
q

cellations of infrared and ultraviolet divergences.



Appendix C
H — v in general R, gauge

We mean to show how, in dimensional regularization scheme, the ¢ dependence
cancels out, leading to the same result as in unitary gauge. We have shown the

diagrams in Fig. 5.1l

Following [7], we divide the W boson propagator into two parts

Cp—— 5 <g“” —(1— 5)761“6"” )

S P — em3, 1)
—i q"q" - q'q” '
= 3 (9 =)+ = 2 o
q° — myy myy q* — Emiy myy

The first term on the right-hand side is a propagator in the unitary gauge. The
second term has a ¢> — ém¥, in the denominator, and thus can be combined with
Goldstone boson and ghost propagators that appear in other diagrams, to simplify

the calculation.

Using this method, the diagrams with W propagators are divided into several
parts. For example, the diagram My has 8 pieces. We denote them by M,
where i, j,k = 1,2 according to which term on the right-hand side of (C.JJ) the
W-propagator takes.

Mupmw = Mi11 + Miis + Moy + Moy + Migs + Mojs + Mooy + Mo (C.2)

73



Appendix C. H — v in general Re gauge 74

with
. _ PaPy _ (=k)alp—k1)p _ (p—k1—k2)s(p—k1—k2)p
M = / - Ve ga; mjv e Qm%V 2 w m;%v 2
(2m)™ pP=my (p—k)?—miy (p— ki — k2)* —my,
(C.3)
. _ PaPy _ (p=ka(p—k1)p  (P—k1—k2)s(p—k1—k2)p
My = / - Ve - ”;%v o i 2 i 2
(2m)" pP=my (p—k)?—my (p— ki —k2)? — Emiy
(C.4)
o _ papy (=k)x(p—Fk1)p _ (p—k1—k2)s(p—k1—k2)g
Mg = / = Ve - ”;%v i 2 n it 2
(2m)" p*—myy (p—ki)? = &miy  (p— ki — k2)* — myy,
(C.5)
n Papy _ (p=k)r(p—Fk1)p _ (p—k1—k2)s(p—k1—k2)s
Moy = / i Ve 2 e 2 - 2 i 2 o mfv 5
(2m)" p*=&my (p— k) —miy,  (p— k1 — k2)* — myy
(C.6)
n PaPy (p—k1)x(p—Fk1)p (p—k1—k2)s(p—k1—k2)p
Moo :/ d P Zvaﬁ'yé)\puu miy, miy, miy
(2m)n p? = &miy (p— k)2 = Emiy (p — k1 — k2)? — Emi,
(C.7)

where

Vs — —ie? gmyg®® [(2p — k1 )" — (0 + k1) g™ — (p — 2k1)7 g"]
X [—(p — ki + k2)°g"" — (p — k1 — 2k2)?g”° + (2p — 2k1 — k2)"g”] (C.8)

denotes the contribution from the vertices. A factor of 2 is included to take the
crossed diagrams into account. This diagram can be obtained by k; <> ko and
[ <> v. Since we are only interested in terms that are proportional to either g"”

or kbkY, the contribution from this diagram is the same.

There are also diagrams with both W and Goldstone boson propagators. We

use the same notation, but with the subscript 0 to denote a Goldstone boson
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propagator:

Muywy = Miig + Migg + Maig + Magg
Mwge = Mgy + Mago

Muypoew = Mior + Miga + Moo + Mops (C.9)
Mgwey = Moio + Moo
Mops = Maooo
For Mg, we have
Mo = (—)yrenon 2 R 3 2 2
(2m)" p*—miy  (p—Fk)>—mi (p— ki — k2)? — Emiy,

(C.10)
dnp oy — Pag’v (p—k1)A2(p—k1)p 1
M :/ —4 V/ory)\p;u/ My My
2 e YT T bk — e =k — kP — €
(C.ll)
n Papy _ (=kr(p=Fk1)p
M210 :/ d p (_4)V/a'y)\p;u/ m%v I m%/V 1
(2m)" p*—=E&miy, (p—k)? —miy (p— ki — k2)? — {miy
(C.12)
dnp Pag’v (p—k1)A2(p—k1)p 1
M :/ 4 V/ory)\p;u/ My My
2= | Gayr Y P? —&miy (p—k1)? = Emiy (p — by — ke)? — Em}y
(C.13)
and
ylereny — ilezgmw(p — 2ky — 2ky)”
2 (C.14)

x [(2p — k1)"g"™ — (0 + k1) g" — (p — 2k1)7g"] g*°

Similarly for Myygg, Muwgw, Mgwe and Myes. These terms all include a factor of
2 from exchanging the external photons. My and Myyys have another factor

of 2, due to equal contributions from the diagrams My and M gew .
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Diagrams My, My and Mg only have two propagators. We denote them by

Myw = My + Mg + Moy + Moo (C.15)
My = Myg + My (C.16)
Mgy = Moo (C.17)

The notation is similar to before. For example,

_ Ppapy _ (p=k1—ko)s(p—k1—k2)p

d"p Goy — 2. 95 )
M :/—i62 My g™° SH0 W W C.18
Y o7 g iy oy P Epp

_ papy  (p—ki—ka)s(p—ki1—ka)p

dnp ga’y m2 m2
M :/ ie2gmyy P SH0 — i C.19
Gy o, -k kPE—m, (1)
PaP~y (p—k1—Fk2)s(p—k1—k2)s
dnp m2 gsg — m2
Moy :/ i€ gmyy g** SH0 W W C.20
P e, G-k hp-m, (O
g Paby (p—k1—k2)§gp—k1—k2),e
— P .9 af S,ul/,'y5 myy My .21
M / @m I bl -k -k —em, O
and Su~s = 29w 96 — GuyGvs — Jus9u~- Similarly for My and M.
Lastly, there is a ghost loop diagram:
d'p . (p— k) (p — k1 — ka)”
M+ :/ 2iegmyy €
! (2m)" (p? = Em)(p — k1) = Emiyl[(p — kn — k2)? — f(gl%v])
.22

M+ has a factor of —1 from the ghost loop. Diagrams My and M, + contain
a factor of 4 from exchanging the external photons and from charge conjugation

(which transform them into the equal diagrams Mgy and M, -).

Some of these terms vanish:

M122 = M221 = M222 = M220 =0 (023>
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In the remaining terms, certain combinations will give simple results. For example,

the contribution from pure Goldstone boson loops is gauge invariant:

Moo + Moo = Mgge + Mgy
__Cgmy / d"p [ Ap'(p — k1)"
my (2m)n L (p? = Emy)[(p — k1)? — Emiy][(p — k1 — k2)? — Emyy

_ g }
(02 — Em3)[(p — k1 — ks)? — Emiy ]
2 2
:(47T;3fizw [1 + QSm%,VCo(m%, 0,0, fm%,, gmlz/Va gm%/[/)] [(kl . k?g)g‘“’ . kigk‘ﬂ

(C.24)

All the remaining terms with no 1 in the subscript should be combined. We find

Moy + Mooy + Maga + Mogg + Myt

9 / d"p [ Am3p*(p — k)
mw J 2m)" [(p? = Emiy)[(p — k1)? = Em][(p — k1 — ka)? — Emiy]
N 3ph(p — k1)" B 3pH(p — k1)"
[(p— k1)2 = Emipl[(p — kr — k2)? = Emiy] (92 — Emiy)[(p — k1)? — Emiy |

(C.25)

The last two terms cancel each other under p; <+ ps, p <> v and momentum

shifting. The first term then gives

Moy + Mooy + Moga + Mg + Mn+

2
(&
+miy Bo(miy, §miy, Emiy) g™ } (C.26)

The first term on the right-hand side cancels the contribution from Mgy and M.
The second term with a By function is cancelled by Mas + Mo + Maig + Moio.
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In fact,
Moo + Maia + Moo + Moo
i B (g )
2
- i (e R e
L (&mby = 5miy) (kY — Kip")

(p® — Emiy)(p — by — k2)? — Em3y |
174 1 1
= (ki — kz)g” <p2 Ty o Sm%v)
1 , 1 L
N <(1 = myy + §m%’> 4 (P2 —&mZ, (p— k1 —k2)?— £m%[,)

mﬁ,g“” 1 1
C(p—k) —mi, <p2 —imt, (p—hki — ko) —fm%V)
mi (1= &miy + §m¥y) + (4€miy — 2m3)p - ko W]
(p? = &miy )[(p — k1 — ko)? — Emiy]

(C.27)

It’s not hard to see that under k; <+ ks, p <> v and momentum shifting, all terms

except the last term cancel out. We have

e2g

Mag + Moz + Maio + Moo = ——5—
(471') mw

m? Bo(m?,, Eémiy,, Eémi ) g™ (C.28)

All the remaining Ms should cancel. We find
Mg + Mo + Miig + Moy + Mg + Mg = —(Miar + Maor) (C.29)

and

Migg + Migo = —2M g2 = —2Mopn (C.30)

These all add up to zero, as expected. Thus we see that all terms except My, +
M1 are cancelled. Thus, the unphysical dependence on ¢ disappears, and we

obtain the same result as in unitary gauge.
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